[17+8 poins] 1

1. A function f that is defined and continuous for = # 0 satisfies the following conditions:

® f(2-v2) = {1-1/v3, f(2/3)=0, f(2) = 42, F2+ VD) = {1+1/V3

@ lim flz)=—co, lim flz)=oco, lim flz}=0, lim flz)=0

@ fl(z)<0for r<2/3 and 2#0, and for z > 2; fz) >0 for 2/3 <z <2
lim f'lz)=—-00, lim Fflzrl=c

T—+{2/8)- B

® flz)<0for z<0,andfor2 —v2 <2 <242 and #£2/3; f'z)>0for D=z <2-+2
and for = > 2 ++/2

a. Sketch the graph of y = f(z) making sure that all important features are elearly shown.
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b. Fill in the boxes to make the following & true statement. No explanation is required.

The function f(z) = (az + b)°z" satisfies the conditions (I-G) if o. b, ¢ and d are chosen as

‘8

- 3 b= _FZ' , o= ? and d=_—v]||




[25 points] 2

2. Find the largest and smallest possible values of the area of the triangle cut off from the first quadrant
by a line L which is tangent to the parabola y = 15 — 2x — z* at a point in the first quadrant.

[The firet quadront consists of the points (z,3) with = > 0 and v = 0]

J:“:‘ = [5—#’2%-‘1156 == =3, A =—3
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3. Evaluate the following integrals.
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da. A solid is generated by revolving an equilateral triangle with unit side length about a line at a
unit distance from one of its sides as shown in the figure. Express the volume V' of the solid as an
integral using either O the washer method G?E'/ the eylindrical shells method by carefully defining
vour variable of integration, drawing a typical rectangle that generates a washer or a cylindrical shell

and showing the relevant lengths and distances on the figsure. |Indieate vour method by X ing the corresponding [,
Do not eveluate the integral! |
. l'UI?-'Jfl

l\fr: ?_ﬂf(hfv_l‘l_r}‘_}g .___":‘},“_W‘J,?r
2 V3
-
ra;'ifuj LEij

o

) radioz= 1+ Iig“‘?"

hei iln‘[: » ':%?{

1 {A hj
rx:‘fg X=0

4b. We start a rabbit farm with a pair of rabhits, Assume that at any moment the rabbit population
is increasing at a rate proportional to the sguare of the rabbit population at that moment. Show that
we will have infinitely many rabbits after a finite period of time.

Leb N be fe namber of rabbits.
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