[17+8 points] 1
1. A function f that is twice-differentiable on the entire real line satisfies the following conditions:
© f(0)=0, f(V2)=3V4, f(2) =8, f(V20) =0
O f(r) <0 for £ <0 and for x >2; f'(z) >0 for 0 <z <2
®© f'(x)>0 for x < v/2; f'(z) <0 for z > /2

a. Sketch the graph of y = f(x) making sure that all important features are clearly shown.
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b. Fill in the boxes to make the following a true statement. No explanation is required.

The function f(z) = az® + cz? satisfies the conditions @-@ if a, b, ¢ and d are chosen as

Q
a:——-l- ,b=5 ,c:l—j— andd:,z,




We have f(z) = az® + cz?, f'(z) = abx®™! + cdx?™1, and f"(z) = ab(b — 1)2°~2 + cd(d — 1)x¢~2.

If both of b and d are larger than 2, then f”(0) would be zero. Since f”(0) > 0, we must have either
b=2ord=2. Letus take d = 2. (The case for b = 2 is similar.)

Now we have f(z) = az?(z"> + E). Since f(20'/3) = 0, we have
a
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We also have f'(z) = abx(z"~2 + —Z) Since f’(2) = 0, we have
a

2c
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Dividing equation (1) by equation (2), and simplifying, we get

5\ 5
2 (5) =b. 3)

By inspection we see that b = 2 and b = 5 are two solutions. Since y = 2(5/2)@~2/3 is concave
up, and y = x is a straight line, these two graphs can intersect at most at two points and we have just
found all solutions. Here is the graph of these two functions:

Since b is assumed to be larger than 2, we must have b = 5.

Now equation (1) becomes

20 = —S  orequivalently, 20a + ¢ = 0. 3)
a

On the other hand f(2) = 8 gives
8a+c=2. 4)
Solving equations (3) and (4) together we get

1
a=——, and c:—o‘
6 3

If at the beginning, instead of d = 2, we had chosen b = 2, then we would find d = 5, « = 10/3 and
c=—1/6.
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2. An isosceles triangle ABC' with |AB| = |BC| in the zy-plane satisfies the following conditions:

@ The side [BC] lies along the z-axis
® The side [AB] passes through the point P(0,6)
©® The side [AC] passes through the point Q(5,6)

Determine the largest and smallest possible values of the area of the triangle ABC.

Ly ke e oo cdinae oﬁ A anl LS Le b ann of ABC
$ e //\?C s sinalans fo APU

’L

w are. of APQ s L ~Sely=6).
ooy

Wl e rado °gﬁ/> WM@J ABC s (
Y \
[A(ﬁ\pu\j(« Mhte are M CL%* A\'%G‘ﬂy(u 4\0/ ) ?\\C«J NN

5<3<11) ﬂ‘—bj La have d\\()aw\.a &ffa.)
S‘\’\Ce, [AP]: ’PG/\: S’ o ok ]AP{};*é) ‘9 (2N

Ureh% e Coant Yo |
L
E\/\c\x‘\m‘\}é/‘\/\\\f\&/\/\ike: S:’;’:}Z %0,‘ 6<J$\\

C/\X’\\Cq\ oy _{_5_-_ N /E_;;_ B jL :5 D(Z/(l);0:> -G o j:lZ_
e dy "2 ( y=6 Q/(,)L> 2 g0 \J/—\/‘"
Nok W g Werval

e"\iya\\/\)rj: j é
= -:;) 5’: Z

\j TL\JL{ DR a/7£4{/ I?oyf\lg(e aréc.

, c‘«nomj j )w@(cwk\g,c(o;u[\)é

3 > 63’2'

The ynecnlien} possible arte S
a5 Do e can bt made afc,.mqb Loy

)
A
/ i

ox \C—¥

G
6
¢
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3a. Suppose that a continuous function f satisfies the equation

z) /0 ") dt

for all z.
—1. Show that f has a critical point at z = 0, and determine

© In this part assume that f(0)
whether it is a local maximum, a local minimum, or neither
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@ In this part assume that f”(2) = 0. Express f(2) in terms of A = f'(2) only
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3b. Suppose that a function g with continuous second derivative on [0, 1] satisfies

Evaluate /Olg(a:) J(x) (1—|—g'( )+ g(x)g" (= )) dr .
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4. Evaluate the following integrals:
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