[19+6 points] 1
1. A continuous function f on (—oo, 00) satisfies the following conditions:
© f(0)=6, f(3)=0
@ f'(r) >0 for z <0 and for 3 <z; f'(z) <0 for 0 <z <3
© () >0 for <0 and for 0 <z <3; f'(z) <0 for 3<x
O lim f(x)=4, Ilgf)lof(x) =4

1. B ‘/ — . / — . . / :_4 1 / _
® lim f'(z) =1, lim f'(z)=-5; lim f(z) /5, lim f(z) =4/5

a. Sketch the graph of y = f(z) making sure that all important features are clearly shown.
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b. Fill in the boxes to make the following a true statement. No explanation is required.

The function f(x) = gr I—-Iflc satisfies the conditions @-@ if a, b and c are chosen as
x
a= 3 b= —'—' and c= |
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Since f(3) = 0, we immediately have a = 3. Hence we have
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On the other hand f(0) = 6 gives — = 6, or equivalently ¢ = 5"
&
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Finally lim f(x) = 4 gives ;= 4, or equivalently b = T
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2. Suppose f is a twice-differentiable function on (—oo, c0) satisfying the following conditions:
® z =4 and x = 11 are the only critical points of f in the interval (0, 15).
@ f(0)=1,f(4)=-2,f(11) =4, f(15) = 1.
® f(0)=-1, f'(15) = —2.
O |f"(z)| <1 for all z in the interval [0, 15].

a. Let g(z) =3f(z)— (f'(z))?. Show that the information given above is sufficient to determine the
absolute maximum and minimum values of the function g on the interval [0, 15], and find them.
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b. Show that there is a point c in the interval (0, 15) such that f”(c) = —1/2.
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3a. The slope of the tangent line at each point (z,y) on the graph of a differentiable function y = f(z)
is proportional to z2 — 5. If f(1) =1 and f(3) = 3, find f(2).
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3b. Suppose that a continuous function g satisfies:
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4. Evaluate the following integrals. 7 3
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