Date: 23 June 2001, Saturday

Math 102 Calculus IT — Midterm Exam 1

SOLUTIONS
. 1\"
1-a) Calculate lim (1—1— —2> :
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Solution 1-a) Let a, = (1 + 1/n?)". Ina, = nln (1+—2> = ( - ) Now ap-
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1-b) Check for convergence the series Z ( ) nl.
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Solution 1-b) Let a, = —mn!. Apply the ratio test
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Since — < 1, the series converges by the ratio test.
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2-a) Check for convergence the series Z (8n +5)
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5.5.7---(2n+3) 3" The ratio test fails. But observe that

Solution 2-a) Let a, =

6n + 16
Upy1/An = % > 1. So lim a, # 0, and the series diverges by the divergence test.
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2-b) Find the radius of convergence of the power series Z(n Inn)z". Check also the end points.
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we must have |z| < 1. When |z| = 1, the general term does not go to zero as n goes to infinity,

so the series diverges. So the interval of convergence is —1 < z < 1.

Solution 2-b) Let a, = (nlnn)a™. Apply the ratio test; lim = |z|. For convergence
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3) Assume that f(z) is an analytic function of z with f(0) = 0 and f'(z) = (1 — 2?)"%2.
Calculate the limit lim )= L
x—0 ,1'3

Solution 3) The binomial theorem gives
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Putting t = —22, we get .
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(1-a)¥3 =1+ §x2 - §x4 + .-+ = f'(x). Integrating all sides term by term we get
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flx)=a+ §x3 — §I5 + ---. From this we get
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—f<xa>j3 T 9= §:1c2 -+ ---. Hence lim,_,g f(j;)g L= %.

4) Find a power series solution for 3’ +y = 322 with y(0) = 0. Recognize the function in terms
of elementary functions.

Solution 4) Since y(0) =0, y = a1 + asx® + - -+ + a,a™ + - --. Putting this into the above
DE we get 322 = ay + (a1 + 2a2)z + (az + 3a3)z* + -+ + (a, + (n + 1)a,.q)2a™ + - --. From
this we find a; = 0, ag = 0, a3 = 1, ay = —1/4, a5 = 1/20, and in general we claim that
a, = (=1)""13!/n!, for n > 3. Putting this claim into the coefficient of ™ we get, after simpli-
fying, an11 = (—=1)"*23!/(n+ 1)!, as claimed. This gives y = 3!> 72 ,(—1)""Z:. Adding and
subtracting 6 — 6z + 322 to this we get y = 6 — 62 + 322 — 6e 2.
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2 —z*—2cosz
5) Calculate li
) acuaexli]% 2428 + 814

Recall that cosz? = 1 — 21/2 + 28/24 — 212/120 + - - -. Putting this into the above expression

we get
2—at—2cosz? | —a8/12+212/60 — - - 1
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