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Math 102 Calculus - Final Exam - Solutions
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Please do not write anything inside the above boxes!

PLEASE READ: Check that there are 5 questions on your exam booklet. Write your name
on the top of every page. Show your work in detail.
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@3-1) Find all values of = for which the power series E n—3n z" converges.
n n
=1

Solution: Letting a, = 2 ", we use the ratio test:
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Therefore the series converges absolutely for all |z| < 3.

We check the end points separately.

1
When z = 3, the series becomes Z ﬂ, and diverges by direct comparison with the
n

n=1

1 Inn
harmonic series, 0 < — < — for all n > 3.
n n

= (—1)"1
When =z = —3, the series becomes Z ()—nn Letting f(x) = In(x)/x, we find that
n

n=1
f'(z) = (1 — Inz)/z?* which is negative for z > e. It now follows that the alternating
series test applies to our series and it converges.

Hence the interval of convergence is [—3, 3).
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3-2) We have w = w(z,y), i.e. w is a function of x and y. We also know that = = z(r, s),
y=1y(s,t), r=r(u), s =s(u,v), t =t(v).
The following equations are known to hold at (u,v) = (0,1):
t=3,s=5,r=T,y=9x=11,
ty,=2,8,=4,8,=6,r, =8,
Ys =Ty = 6,0, = —lLos = =2,
w, = 10, w, = —10.
a: Write w, using chain rule.
b: Find w, at (u,v) = (0,1).

Solution:

Wy = ww(xrru + xssu) + WyYsSy-

Putting in the above values we find that w, = —160 — 407 at (u,v) = (0,1).
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1 9 1
3-3) Let f(z,y) = §x3 — 5172 + T —xy + §y2 + 9y + 1.

Find all local min/max and saddle points of f. (15 points)
Does f have global min/max points? (5 points)

Solution: [, =2?—-92+7—y=0and f,=—2+y+9=0gives (8,—1) and (2,-7) as
the critical points.

foz =22 =9, foy = -1, fy, =1 and A = 2z — 10.

Using the second derivative test we find that (8, —1) is a local min point and (2, —7)
is a saddle point.

Keeping y = 0 and varying = we see that f goes both to = co and —oo, so the function
has no global min or max.
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3-4) Evaluate the triple integral / / / f(z,y,2) dV where f(z,y,z) =y, and R is the
R

region in the first octant enclosed by the surfaces z = 2 — 22 — y? and z = 2% + ¢?,
x,y,z > 0.

Solution: First we find that the projection of the curve of intersection of these
surfaces is 22 + y? = 1. Then we start evaluating the integral.
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@-5) Find the flux of the vector field F = )i r° 43wz +2° i+ TTHAY YT
3 2242 Yt +2

across the sphere S given by 2% +32+ 2% = 4 along the outward unit normal vector

n. i.e. evaluate the integral
/ / F -ndo.
S

Solution: Trying to evaluate this integral directly is too tiring. We try the diver-
gence theorem which says

[ [Fomar=[[[vFaw

where D is the solid sphere which is inside of S. V- F =z
coordinates we find
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2. Passing to spherical



