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Math 102 Calculus II — Midterm Exam I — Solutions
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Please do not write anything inside the above boxes!

PLEASE READ:

Check that there are 5 questions on your exam booklet. Write your name on the top of every
page. Show your work in reasonable detail. A correct answer without proper reasoning may not
get any credit.

Use at your own risk!
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3.5.7....(2 1
Q-1) Show that nli_gloan:(), where a, = 4.9.14---§5Z—|_—1§

Solution:

We have two solutions to this problem. First the straightforward solution.

2 1 1
Observe that 5n + 1 < 3 for all n > 3. This gives

n —

3-5\ [ 7---(2n+1) 5\ [1\"?
— <(=)(= ,
U< an (4-9) (14-~(5n——1)) = (12) (2)
By the Sandwich theorem, we have lim a, = 0.
n—oo

The other solution requires a little imagination. First observe that
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SO E a, converges, forcing lim a, = 0.
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Q-2-a) Check the following series for converge:

o
lnn

(19n2 + 6n + 2008)

n=1

Solution:

Inn
Limit compare with Z —- which converges by the integral test, to conclude that the
n

given series converges.

Inz
Use integration by parts to integrate —- as follows: Set v = Inz and then
x

®Ilnzx Inx!|™ *® dz 11
LT x| . T x|,

> nl = n"
Q-2-b) Check the following two series for convergence: Z — and Z —.
n=1 n® n=1 ?7/'

Solution:

For the first series

Gnt1 n" 1 1
= = — —-<1 as n— oo.
an (n+1)™ (1+1/n)» e

Therefore the first series converges by the ratio test. Hence the general term goes to zero
as n goes to infinity. The general term of the second series is the reciprocal of the general
term of the first series and hence goes to infinity as n goes to infinity. Then the second
series diverges by the divergence test.
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Q-3) Find the sum

= 6
Z (n—1)(n)(n+2)

n=2

Solution:

6 32 1

—DWm+2) n a1 nt2
Adding these from n = 2 to n = k we find

b 6 7 4+ 3k
Sk:Z(n—l)(n)(n—i—Q) "6 k(k+D)(k+2)

n=2

7
Hence the sum is lim s, = —.
k—00 6
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™2+ 1
Q-4) Let r be the radius of convergence for the power series nz:l PR j_ :+ 1 "
a) Find r. (10 points)

b) Check the convergence of the series for x = r and for x = —r. (5+5 points)

Solution:
2 +1 n
Let an(x) = e x" and use ratio test for the absolute values. Jans1 ()] — |z
3n3 4+ n + 81 la, ()|
as n — 0o.

For absolute convergence we must have |z| < 1. So the radius of convergence is 1.

|a, ()|

When x = 1, we have T — 7/3 as n — oo. Hence the series diverges at © = 1 by
n

limit comparing with the Harmonic series.

When z = —1, we have an alternating series. The general term goes to zero and its

absolute value decreases (see its first derivative below). Then the series converges at
x = —1 by the alternating series test.

GRS
3 4t 4+ 81
which is negative for all large ¢ (in fact for all ¢ > 4.)

To see that the general term decreases to zero, let f(t) Then f'(t) =
—21* — 2> + 1134t — 1

(313 + ¢ + 81)2
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Q-5) Find
. 6(tanx)(secr) — 62 — 52
lim

=0 (e* —1—z)(sinx — z)

Solution:

Using the Taylor expansions of the functions involved in the limit, we have

6(tan:z:)(sec:c)—6x—5x3: Slad + 2 g7 ... _)_@ S T s oo
(e* —1—z)(sinz — x) —5ad — gt 5 '



