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Q-1) Evaluate the sum
∞∑
n=0

n(n− 1)

4n
.

Show your work in detail. Correct answers without justification are never graded.

Answer:

We first observe that
∞∑
n=0

n(n− 1)

4n
=

∞∑
n=0

n2

4n
−

∞∑
n=0

n

4n
.

Let f(x) =
1

1− x
= 1 + x+ x2 + · · ·+ xn + · · · , |x| < 1.

Then
xf ′(x) = x+ 2x2 + 3x3 + · · ·+ nxn + · · · ,
and
x(xf ′(x))′ = x+ 4x2 + 9x3 + · · ·+ n2xn + · · · .

Finally x(xf ′(x))′ − xf ′(x) =
2x2

(1− x)3
=

8

27
when x = 1/4.

Hence
∞∑
n=0

n(n− 1)

4n
=

8

27
.


