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Q-1) Let f(x, y) = 3x4 − 6x2y + 2y2. (i) Find the critical points of f . (ii) Write down the discriminant
of f as in the second derivative test. (iii) Determine the nature of the critical points of f .
Grading: 1+1+3=5 points

Q-2) Let g(x, y) = x3 + x2y − y2. (i) Find the critical points of g. (ii) Write down the discriminant of g
as in the second derivative test. (iii) Determine the nature of the critical points of g.
Grading: 1+1+3=5 points

Solution: Grader: emre.baran@ug.bilkent.edu.tr

Q-1) fx = 12x3 − 12xy = 0 and fy = −6x2 + 4y = 0 gives (0, 0) as the only critical point.

fxx = 36x2 − 12y, fxy = −12x, fyy = 4, hence ∆ = fxxfyy − (fxy)
2 = −48y.

Since ∆(0, 0) = 0, the second derivative test is inconclusive.

We note however that f(x, 0) = 3x4, meaning that along the x-axis the origin is a local minimum
point. Also f(x, x2) = −x4, meaning that along this parabola through the origin, the origin is a local
maximum point. We then conclude that the origin is a saddle point.

Q-2) gx = 3x2+2xy = 0 and gy = x2−2y = 0 gives (0, 0) and (−3, 9/2) as the only critical points.

gxx = 6x+ 2y,

gxy = 2x, gyy = −2, hence ∆ = gxxgyy − (gxy)
2 = −(4x2 + 12x+ 4y).

Since ∆(−3, 9/2) = −18, the point (−3, 9/2) is a saddle point.

Since ∆(0, 0) = 0, the second derivative test is inconclusive for this critical point.

We note however that g(x2, 0) = x6, meaning that along this path the origin is a local minimum point.
Also g(−x2, 0) = −x6, meaning that along this path the origin is a local maximum point. We then
conclude that the origin is a saddle point.


