Date: 16 January 2004, Friday Instructors: Kocatepe & Sertoz

Math 113 Calculus — Final Exam
Solutions

Q-1) Find the derivatives of the following functions:

a) y =" b) y = (sinz)™”. c) y=a"+7"+ 7" + 2"

Solution-a)

Iny = 2°Inz
Inlny = zlnzx+Inlnz.
/
J = lnzx+1+ .
ylny rlnz
y = "N Ing)(Inx+1+ xlnx)'
Solution-b)
Iny = (Inz)(lnsinz).
Y Insinz Inz
- = + — COos .
Y x sin
, . ung [Insinz  Inz
y = (sinz) + ——cosz | .
x sin x

Solution-c)
y =™ '+ (In7)7” + 0+ (Inx + 1)2”.

Q-2) Evaluate the integral / V1+22de.

Solution: Put x = tant, do = sec?tdt. The integral then becomes
/\/1 +22dr = /secgtdt.

Using integration by parts with u = sect we get

/sec3tdt = secttant—/secttathdt
= secttant—/sect(secQt— 1)tdt
= Secttant—/sec3tdt+/sectdt

1 1
/sec3tdt = ésecttant—i-51n]sect+tant]+0.



Now we have to convert this to a function of 2. For this we use the initial substitution z = tant
together with the following triangle.

V1422

Here it is clear that sect = v/1 + 22 and tant = x. Putting these in we find finally

1 1
/\/1+x2dx—Ex\/1+x2+§ln\\/1+x2+a:|+C.

dx
24+V6r—22—5

Q-3) Evaluate the integral /

Solution: Observe that 6z —2* —5 =4 — (z — 3)%. Put x — 3 = 2sint, dv = 2cost dt. Then

dx cost 1 1 t t
—dt= [ dt— | ————dt =t—— 2_dt =t—tan —+C.
/2—1—\/6:6—3:2 1+ cost / /1+cost 2/sec 2 an2~|—

Now we have to convert this to a function of z. For this we will use the initial substitution
x — 3 = 2sint together with the following triangle.

t

6x —x2—5

However this triangle gives trigonometric functions of ¢, whereas we need to write tan(t/2). For

this recall that
sin(a + )  sinacos 3+ sin 3 cos

t = = .
an(a+ f) cos(a+ )  cosacos —sinasin 3

Dividing the numerator and denominator of the last fraction by cos a cos 3 we get
tan o + tan 3

t
an(a + ) = 1 —tanatan 3

Putting a = # = t/2 and solving for tan(t/2) we get
t
tan — = £ csct — cott = csct — cot ¢,

where the choice of the sign is dictated by the fact that tan(t/2) is defined at ¢ = 0. Finally,
using the above triangle we get

/ dz ) (x—?)) V6r —x2 —-5—-2
arcsin —+

— +C.
2++vV6xr—22-5 2 r—3




Q-4) Find Ty(f(x);0), the Taylor polynomial of order 4 at 0 of f(x) = / tan(sint) dt.
0

Solution: This is an exercise in taking derivatives!

flx) = / tan(sint) dt,
0
f'(z) = tan(sinz),
f"(r) = sec*(sinx)cosz,
f"(z) = sec*(sinz)[2tan(sinz) cos® x — sin z],
fW(z) = 2sec®(sinx)tan(sinz) cos z[2 tan(sin x) cos® x — sin x

3

+ sec?(sin 7)[2 sec?(sin x) cos® x — 4 tan(sin x) cos z sin v — cos z].

Using these we easily find that f(0) = 0, f'(0) = 0, f”(0) = 1, f”(0) = 0, and f®(0) = 1.

This implies that
1 1
T. ;0) = 2 + —a™.

Q-5) Evaluate the following limits:

a) lim 6 (sint —t) +¢° . b) lim arctan(In cos x)
t—0 2 (1 —cost)t —t3 m 2

Solution-a) Here we use the Taylor expansions of sine and cosine functions to get

. 6(sint —t)+¢3 . 5t’ +o(t?) 3
lim = IIm ==
=02 (1 —cost)t —13  t=0 —=t5 + o(t5) 5

Solution-b) This problem requires an application of L'Hopital’s rule.

1 1 '
arctan(In cos ) .1+ (Incosz)? COS.CE(_ sin z)
lim = lim
x—0 x2 70 Zx
1 —1
. 1+ (Incosz)?cosx ,. sinz
= lim lim
z—0 2 250
1




