Math 113 — Homework 4 — Solutions
Due: 22 November 2005 Tuesday.

Q-1) Let f(z) = 2" and g(z) = #¥". Find f'(x), f"(x), ¢'(x), ¢"(x). Simplify your answers for
ease of reading.

f(z) = exp(ln f(z)) = exp(Ina®) = exp(zInz).
() = (exp(zInz)) = exp(zlnz) - (Inz +1). So f/(z) = 2%(Inx + 1).
f(z) = (z°(Inz 4+ 1)) = 2"(lnz + 1)% + 2",

Similarly g(z) = exp(lnz?® ) = exp(f(z)Inz).

(@) =2 (f(x)nz + f(z)/x) = 2" (2" (nz+ 1) Ina+ ")

¢"(z) =2 (2" (Inz+ 1) Inz + xx_1)2 +2” (2" (Inz+1)* Iz + 2" (3lnw +2) —2"72) .

Q-2) Let I, ,, = /x” (Inx)™ dx, where n,m are nonnegative integers. Find a formula for 7, ,,

and prove your claim.
Integrating I, ,, by parts we immediately find the recursive formula

1
= ——2"" (Inz)™ —
n+1 n+1

n,m In,m—l'

We then guess the formula

m! 2"t &= (—=1)"F (Inz)”

n+1l & (n+ 1)m=FE!

+ C.

In,m =

To prove the formula we do induction on N = m + n. By direct inspection we see that the
formula holds for N = 0 i.e. for n = m = 0. Now assume the formula for N — 1 and let n and
m be nonnegative integers with n +m = N. We have

1
Lim = ——a"(lnz)" — mn ) 1
’ n+1 n+1"
n m—1 m—1— k

_ 1 xn-i—l (lnx)m . m (m — 1)‘ xr I (_1) 1k (ln‘r) + C

n+1 n+1 n+1 — (n 4 1)m=1=kE!

! ! n+1m1_1m—k1 k
(n +1)m n+l = (n+1)" "k
2 & (lnx)

T kz:% ymk k! + 6

and this proves the formula.



dx

Q-3) Let I, = /—, where a, b, ¢ are real numbers with A = b? — 4ac < 0. Find
” ar? +bx +c

Ia,b,c-
Vdac — b?
First let a = L. Then
2a
1 dx
Ia,b,c = - b \2 5
a) (z+5)%+a
= — arctan(— 4+ — C
—arc an(a+2aa)+
2 . ( 2ax + b )+C
= ———— arctan | ———
Vdac — b? V4dac — b?
x dx
-4) Find [ —.
Q-4) Fin /xZ—i—af;—i—l
T dx 1 2¢ + 1 1 1
_ = - —dx—= | — dx
24+ x+1 2] »24+x+1 2] 24+x+1
1 1 20+ 1
= ZIn(2®’+z+1 ——arctan(—)—i—C.
2d
Q-5) Find | ——mt

V1—a22

Putting = = sin  we get

x? dx : 1 1
_— = sin“8df =—-0——-sin20 +C
V1— 22 / 2 4
1 1 1 1
= 59—§sinﬁcos¢9:§arcsinx—§x\/1—x2+0.

Comments and questions to sertoz@bilkent.edu.tr



