Date: 2 December 2005, Friday

Math 113 Calculus — Second Midterm Exam — Solutions

Q-1) Do not simplify your answers in (a), (b), (¢). No partial credits!

a) f(z)=a"+ (lnx)coshx _ 2z + ecoshxlnlnx’

11
f'(z) = 2%(Inx + 1) + (In2)°"*(sinh 2 In In = + cosh [El——)
nro

b) f(z)= arctan (\/ 1-— :132> -sec V1 + x2,
1 —2x

"(x) = sec V1 — z2+arctan vV1 — 22 secv1 — 22 tanv/1 — 22 L.
Jw) 1+ (1—22) 21— 22 V1—a?

tanzx

c) f(z)=cosx / sint dt,
tanx

f(z) = —sinx / sint dt + cos z (sin(tan ) sec® x — sin(sec ) sec x tan ) .

secx

d) Let f(z) =g '(z) for 1 <z <5, where g(x) = 2* — 322 + 5. Find the slope of the tangent
line to the curve y = f(z) at the point (3,1).

Solution:

f(3) =1« g(1) = 3. The required slope is f(3).
f1(3) = f'(g(1)) =1/¢'(1).

g (r) =32* — 6z, ¢'(1) = =3, f'(3) = —1/3.

Q-2) Find all values of a, # € R so that if f is defined as

1
r¥sin— if x>0,
flx) = v
1] if ©<0.
then

(i) f is continuous at x = 0.
(ii) f is differentiable at x = 0.

Solution:

(i) Since —z® < z%sin < < 2%, lim, o+ f(x) exists if and only if & > 0. In that case the limit
Is zero.



Hence f is continuous at z = 0 when a > 0 and § = 0.

(i) For f to be differentiable at = = 0, it must first be continuous there. So in particular g = 0.

— 1
lim M = lim 2 'sin — exists if and only if & > 1. In that case the limit is zero.
r—0t xr x—07F x
— f(0
On the other hand with 8 = 0 we have lim M = 0.
r—0~ T

Hence f is differentiable at © = 0 when o > 1 and 8 = 0.

Q-3) Find the minimum and the maximum values of the function f(z) on [0, 8], where
23 —42? —3x+8 if 0<z <5,
fz) =
2% — 142 + 63 if 5<x<8.
Solution:
For 0 <z <5, f/(z) = 32* — 8 — 3 =0, z = 3 is the solution in the domain.
For 5 <z <8, fl(z)=2x—-14=0,2=7
We calculate f(0) =8, f(3) = —10, f(5) =18, f(7) = 14, f(8) = 15.

Therefore minimum of f is -10, and the maximum is 18.

x?+2

Q-4) Assume that f'(z) = ,and f(0) = 0. Find f(3).
((z = 1)(z —2))°
By partial fractions we find
2 +2 8 3 8 6
;= + - — + .
(z—1D)(xz—-2)" -1 (z-12 2-2 (r-2)
Solution:
. ) 3 6
Integrating this we find f(z) =8ln|z — 1| — 1 8ln|x — 2| — —+ C.
T — T —

2
f(0) =0 gives C' =8In2 — 6, and we find f(3) =161n2 — ?7

Q-5) Find /x2 arctan z dz.

First by using by parts with u = arctan z and dv = z2dz we obtain

/:c2 arctanz dx = 1:6'3 arctan  — 1/ 2’ dx
3 3) 1+22



Solution:

z3 15, 1 9
22 da::§x —5111(1—1—3:)—1—0.

3 1 2
We have —— =z ’ Integrating this we find /

1+22 ° 21422
Putting this back in the above integral we finally get

1 1 1
/a:2 arctanx dr = 51:3 arctan x — 6x2 + 6 In(1+2%) + C.




