Due Date: March 30, 2012 Friday class time NAME ...

Ali Sinan Sertoz STUDENT NO ..o

Math 114 Calculus — Homework 3 — Solutions

1 2 3 4 TOTAL

25 25 25 25 100

Please do not write anything inside the above boxes!

Check that there are 4 questions on your booklet. Write your name on top of every page.

Show your work in reasonable detail. A correct answer without proper reasoning may not get any credit.
Everything you write on your paper should be part of a well constructed sentence. No hanging equations will
be read. No sequence of equations will be read unless they are part of a well constructed, meaningful sentence.




Q-1) Let f(x,y) be a function defined in some open neighborhood of (¢, yo). Assume that there exist
constants A and B such that f satisfies one of the following conditions DIFF1 or DIFF2.

f(wo+h,yo + k) — f(wo,y0) — Ah — Bk

lim = 0. DIFF1
(h,k)—(0,0) N ( )
f(xo+ h,yo + k) = f(xo,y0) + Ah + Bk + €1h + €3k, (DIFF2)

where ¢; is a function of / and % such that lim, )00y €; = 0,7 = 1, 2.

(i) Show that if f satisfies the condition DIFFI1, then f,(xo,v0), fy(%0,¥y0) exist and A =
fx(ajanO)’ B = fy(an yO)

(ii) Show that if f satisfies the condition DIFF2, then f,(zo,%0), fy(%o,¥o) exist and A =
fa:(x07y0)’ B = fy(IOa yO)

(i11)) Show that the conditions DIFF1 and DIFF2 are equivalent.

Remark: A function satisfying any of the equivalent conditions DIFF1 or DIFF2 is called differen-
tiable at (zo, yo)-

Solution:
)
o f@o 4 hyyo) — f(xo, yo)
fo(zo,90) = }Lli% h
~ i f(xo+h,vy0) — f(x0,90) — Ah + Ah
50 h
— lim f($0+h,yo)—f($0,y0)—Ah+A
h—0 h
_ lim (f(xo+h>yo+k)—f($oayo)—Ah—Bk+A)
(h,k;z:[go 0) VIZ + 2
= A.

Similarly f,(xo, yo) = B.
(i)

o fl@o 4Ry yo) — f(o, y0)
fz(o,90) = }llli% h
. Ah + 61(]1, O)h
= lim
h—0 h,

= A+ lime(h,0)
h—0
= A

Similarly f,(xo,v0) = B.



(iii)

(DIFF1=- DIFF2)
Define a new function

f(zo+h,yo + k) — f(xo,40) — Ah — Bk
N

where A and B are as in condition DIFF1. Also define a function of h and k& simply as

e(h,k) = when (h, k) # (0,0), and €(0,0) = 0,

|41 ifhk >0,
) =1 ifhk<o.

Finally consider the auxiliary function o defined as

1
at) =V1+t2—t=—— fort > 0.

V9I+t2+t
Clearly «(t) > 0 and tlim a(t) = 0. This shows that «(¢) is bounded; there exists a number M such
—00
that

0 <at) <M, fort > 0.

We now proceed to show that the condition DIFF2 holds. We claim that the €; and €5 of DIFF2 are
the following functions.

e1(h, k) =¢€(h,k)s,
ea(h, k) = e(h, k)a(|h/k|), if k # 0,
€2<h, O) =0.

Clearly it follows from DIFF1 that

lim €(h,k)=0.

(h,k)—(0,0)
We also have, when k # 0,
0 < |ea(h, k)| = |e(h, E)|[a(|h/k])| < Mle(h, k)|.
It follows form the condition DIFF1 and the sandwich theorem that

lim ey (h, k) = 0.

(h,k)—(0,0)

Observe that

e(h,k)Vh? + k? = e;(h,k)h + ea(h, k)k,
which is precisely the condition DIFF2.



(DIFF2= DIFF1)

er(h, k)b + es(h, k)k

f($0+h7yo+k’)—f(xmyo)—Ah—Bk’

Vh? 4+ k? Vh? + k?
A L
< h,k + |eo(h, k
< laf )|\/h2+k:2 2l )|\/h2+k:2

< |ei(h, k)| + |ea(h, k)],

which goes to zero as (h, k) — (0,0), giving us the condition DIFFI.



NAME: STUDENT NO:

Q-2) Define ; )
o) = g T@n 700,
0 if (z,y) = (0,0)

(i) Show that f is continuous at (0, 0).
(i) Show that f,(0,0) and f,(0, 0) exist.
(iii) Show that f is not differentiable at (0, 0).

Solution:
(1)
5

Y is continuous at the origin since Y + > >1
—_— uou -+ - .
22 1yt g 24

%y 1s continuous at the origin since 2 + L >1
—_ inuou 1 -+ - .
2% + o g 24
Hence f, being the difference of two continuous functions, is continuous.
(ii)

0) — f(0,0 0-0
£(0,0) = i L@ SO0, 0200
z—0 T z—0 T
0,y) — f(0,0 —0
y—0 Yy x—0 Yy
(iii)
e fla,y) = £0,0) =021 :
x,Y)— 9 —v-r—1Yy -y
oz, y) = =2
2 + 2 (22 +y2)

Then

-2
lim ¢(z, \z) = ——.
lim o M) = =
Since this limit depends on path, the general limit does not exist and the function f is not differentiable
at the origin.



NAME: STUDENT NO:

Q-3) Define . )
y vy
Y T2Y it (x,y) £ 0,
glz,y) = ¢ 2>+ (@9) #
0 if (z,y) =

(i) Show that g is continuous at (0, 0).
(ii) Show that g,(0,0) and g,(0, 0) exist.

(iii) Show that g is differentiable at (0, 0).

Solution:

Here the function is g(x, y) = y and the problem is trivial.



NAME: STUDENT NO:

Q-4) Define

h,y) =4 2 +y°

(i) Find hy, hy, hyy, by, at points (z,y) # (0,0).
(ii) Find hy, hy, hyy, by, at points (x,y) = (0,0).

(iii) Did you get h,,(0,0) = hy,(0,0)? Explain why?.

Solution:
1)
p _yEt a4ty -y , _wlat—4a’y —yh)
’ (@2 +y2)* ’ (a2 + y?)*
6 9 4 2_9 2,4 _ ,6
hzy_x + vy x3y i :hym
(% +y?)
(i1)
h(z,0) — h(0,0 0—-0
he(0,0) = lim (z,0) = h(0,0) _ =0
z—0 X z—=0 X
Similarly 4,(0,0) = 0.
h.(0,y) — h.(0,0 . —y—0
hay(0,0) = lim 0.y) = ha(0.0) _p =9=0_
y—0 Y y—0 Yy
h,(0,y) — h,(0,0 -0
hys(0,0) = lim y0.y) = 1(0.0) 1y 2=0_
z—0 Yy z—=0 I

(iii)
We did not get h,,(0,0) = hy,(0,0). This is not surprising as h,,(x, y) is not continuous at the origin.
This can be seen by observing that

L+9X2 — 9\t — )¢

hxy($a )\ZL’) = (1 + )\2)3

Hence the limit along different lines give different limits at the origin, from which we conclude that
h, is not continuous at the origin.



