Solution to MATH 116 MIDTERM 1 Examination, 21/06/2008

1. a) Use the € — § definition of limit to show that

4,4
(z)-(0.0) 22 +y

Solution. Our aim is to show that
for any € > 0 there exists § > 0 such that

4,4
x
0<Vat4+y?2 < = x2—|g—Jy4_O <e. (%)
We have,
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Taking § = /4 provides the implication ().

Note that the choice § = £'/* is not unique. For example, any positive § that is less than /4,
or 6 < min{1,e} will provide (x) as well.

1. b) Show that
4,4
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does not exist.

Solution. Since
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then, by the Two Path Test, the limit does not exist.
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2. a) Let f(t) be a differentiable function. If u(x,y) = f <§> for y # 0, prove that u(x,y)
satisfies the partial-differential equation

x@—l— Ou =0
o 83/ '

Solution. If u(z,y) = f(t) and ¢ = ¥ then, by the Chain Rule,
du o 1 Ju .\ Ot x ., (T
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2. b) Find function f(t) such that f (f) = u(z,y), where u, (z,1) =1 and u(1,1) = 2.

Hence,

Solution. If u(z,y) = f(t) and t = - then, by the Chain Rule,
ou o 1 x
)= ==f ().
S = g = f (y)

1
ot (o) <ot
71» x

1 1
(z,1) = Uz (x,—) =—.
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Thus, f/(z*) = Z, or the same, f(t) is a differentiable function such that f'(t) = 1 for any
t > 0. It follows that f(¢) can be taken as f(t) = In|t| + C, t # 0, where C' is some constant.
To find C we use

Therefore,

ou
Ox
On the other hand, it is given that

%
ox

2=u(l,1)=f(1)=|l|+C=C.
Therefore, f(t) = In|t| 4 2.
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3.) Let w(z,y) = f(x — cy), where ¢ is some constant and f/(0) = 1.
a) Calculate the directional derivative of w at the point (¢, 1) in the direction of ¢i + .

Solution. If w = f(t) and t = x — cy then, by the Chain Rule,

ow N ow i
and B ot B
w nYr e _U) _ / _ _
a_y — f (t) ay - Cf (t)7 ay |(c,l) Cf (O) C.

Thus, the gradient of function w(z,y) at (¢, 1) is

vw<ca 1) = ;_ Cj

and the directional derivative of w at the point (¢, 1) in the direction of ¢+ J is

— -, C - 1 =
D s wlen =(0—cj)o 1+ )] =0
W ey = (=) (\/02 +1 e+ 1]>

b) Find constant(s) ¢ such that the maximum directional derivative of w at (¢, 1) (that is, the
derivative in the direction where w increases most rapidly at (¢, 1)) is 7.

Solution. The directional derivative of w is maximum in the direction of syw(ec, 1). Then, the
maximum directional derivative of w at (¢,1) is | 7 w(e, 1)] = V14 2. It is equal to 7 for

¢ =+/48 and ¢ = —/48.
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4. a) A surface S in the zyz-space is given by the equation
o+ a2+ oyt +y? =68,
Find an equation for the tangent plane to S at the point (1,2, 3).

Solution. The tangent plane is the plane through the point (1,2,3) perpendicular to the
gradient of function f(z,y,z) = 23 + x2% + yz3 + y* — 68 at the point (1,2,3). The gradient is
Vf(1,2,3) = (322 + 2 + (2* + 29)7 + (222 + 3y22)k) (1.2.3) = 127 + 31 + 60k.

The tangent plane is therefore

12(x — 1)+ 31(y — 2) + 60(z — 3) = 0.

4. b) Find the linearization L(z,y) of the function f(x,y) = sinzcosy at the point
P z, %) Then find an upper bound for the magnitude of the error E in the approximation

f(z,y) =~ L(z,y) over the rectangle

Vs Y
R ’——‘<0.2, )——’<0.1.
r— | < e

Solution. Since

T T 1 T T 1 T T . . 1
1G5 2GR omemrlan = 4G) - -inss|n -}

then the linearization of f(z,y) at the point P <Z 7T> is

44
1 1 T 1 T 1 =z v
Hew=5+5(-7) 307 =333

We use the inequality
Bla,y)| < sM (e~ 7]+ ]y~ 7))
T —M(|lx — - - =
W= 5 Ty
to estimate an upper bound for the error E(z,y) in the approximation f(z,y) ~ L(z,y). Since
fox(z,y) = —sinzcosy, fu(r,y) =—coszsiny, f,,(x,y) = —sinzcosy,

then | fo.(z,y)] < 1, |fay(x,y)| <1 and |fy,(z,y)| <1 for any (z,y) € R, that implies that M
can be taken as 1. Therefore, for any (z,y) € R,

1
|B(z,y)| < 3M (o~ §| +ly — %|)2 < 2(0.2+0.1)% = 0.045,

N —
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5.) Let f(z,y) = 2® + 3+ 32? — 18y? + 81y + 5. Find the critical points of f(x,y), and classify

each point as a local maximum, a local minimum, or a saddle point.

Solution. Since f(x,y) is differentiable in the whole zy-plane then the critical points of function
f(x,y) are points where f, and f, are simultaneously zero. This leads to

fo(z,y) = 32 + 60 = 3x(z +2) =0,

fylw,y) = 3y* = 36y + 81 =3(y — 3)(y — 9) = 0.
Therefore, the critical points are (0, 3), (0,9), (—=2,3), (—=2,9).

We have,
Jee(x,y) =62 +6=06(x+1), fulr,y)=0y—36=06(y—6), folr,y)=0,
and the discriminant

P =| 7 5

6(x+1) 0
0

6y —6) |~ 36(x+1)(y—6).

Point (0, 3): Since D(0,3) = —108 < 0 then (0, 3) is a saddle point of function f.

Point (0,9): Since D(0,9) = 108 > 0 and f,,(0,9) = 6 > 0 then function f has a local minimum
value at the point (0,9).

Point (—2,3): Since D(—2,3) = 108 > 0 and f,,(—2,3) = —6 < 0 then function f has a local

maximum value at the point (-2, 3).

Point (—2,9): Since D(—2,9) = —108 < 0 then (—2,9) is a saddle point of function f.



