Date: 30 May, 2003, Friday
Instructor: Ali Sinan Seiiz
Time: 9:00-11:00

Math 206 Complex Calculus — Final Exam
Solutions

1 Solve the following differential equation using Laplace transform techniques:

fr(t) = 3f'(t) + 2f(t) = ¥

wheref(0) =0, f'(0) = 1.
Solution: We apply Laplace transform to both sides of the differential equation using the formulas

L{f() = F(s),

L) = sF(s) = f(0)
= sF(s),
L") = s°F(s) = sf(0) = f'(0)
= §*F(s) -1,
1

The equation then becomes

1

(32—33—1—2)}7(5)—1:8_3.

Note thats? — 3s + 2 = (s — 1)(s — 2). Solving for F'(s) we find that

F(s) = (5_1)1(5_2) (si?)_l)

N <s1>1<s2> <:§)

(s—1)(s—3)
1 1 1

1
T3G-1) 2(s-3)

We easily take Laplace inverse transform of both sides of this equation and get

1 1
f(t) = —Qet + ée?’t.




2 Calculate all values of—4) %2, and indicate the principal value.

Solution:
0 = e (~Srou(-1))
3 .
= exp (—5[1114 +i(2n + 1)%])
1
= exp (ln 3 zg(Qn + l)w)

1 3 3
= 3 (cos 5(271 + 1) —isin 5(27@ + 1)7r) , n€Z.

The principal value is obtained when= 0:

1 3 3
(—=4)™? = Z(cosom —isinom
8 2 2
o
= 3
Tl
3) Evaluate the integra)/ dz.
14 ab
0
Solution:
: . 21/ exp(t log 2)
We integrate the functiorf(z) = T = 1 i = around the closed contodt, p = Cr —

L,r—C,+ [p, Rl whereR > 1,0 < p, 1 and
Cr = {Re”| 0<6<2n/5},

Lyp = {xe®™?| p<a <R},
C, = {pe”| 0<0<2n/5},
[o.R] = {zf p<a <R}

Inside this contour there is only one polefik), which isz = ¢*/>. By the residue theorem we have

/ f(2)dz = 2mi Res f(z)
P,r

2—eiT/5

21/5)
= 2mi | —
(524 y—eim/B

2
= i (27195,
)

2 ( ,Qm-)
= —-mi|le 25
)
2

6 .
= ——Tie 3™
5

2 ( 6 .. 6 )
= —gm COS —T + 181N —7

:em/s)

25 25

2 .6 2w 6
= —sin—m —i— COS —T.

5 25 5 25
OnCk we have:
RY5 27R
CRf(z)dz < R5—17TT—>0 as R — oo.




OnC, we have:

1/5 2
p® 2mp
d —

<

— 0 asp— 0.
Cp

Moreover onL, r we have: = ze?™/°, f(2)dz = f(z)e'?™/?>dx and hence

o

‘ R 4 1/5
/ f(z)dz _ 6127r2/25/ f(x)dx N 6127”/5/ z 5d:L‘ as R — 00, p— 0.
Lp«,R P

1+2z
0

and

zdr as R — o0, p — 0.

/ f dZ N 12#2/25 /
PR 0

Combining this with the residue calculation above, we find

1 —cos ——) — isin dr = —sin_—m—1—cos_—m

: 12ri . 12w 7 21/ 2 6 o 6
25 2% 1+ 25 T 5 ‘95

which gives

[ ool 27 cos 5% 1
/1ix5d = E L~ 0.91786..
0

127
5 sin =X R 5 sin 9% 9%

. , . : —1 : .
4) Consider the linear fractional transformatighiz) = Z—H and describe the images of the
z

following sets undeyf.

1) The upper half plane.
i) The unit circle.

i) Thez-axis.

iv) They-axis.

Solution:
First write f(z) in terms ofz andy:

2—1 xz—1+iy 224+y*—-1 | 2y ,
Z2) = = — = +1 =u+ .
/) z+1 o414y (r+1)24+y?>  (x+1)2+y?

i) Wheny > 0, we havev > 0. Hence the upper half plane maps onto the upper half plane. Here we
used the fact that a nonconstant linear fractional transformation is onto.

i) Whenz? 4+ 2 = 1, we haveu = 0. Hence the unit circle maps onto theaxis.

iif) Note thatf(—1) = oo, f(0) = 1 and f(1) = 0. Thez-axis, which is a circle, must map onto the
circle which passes through the points —1 and1. Hence the image is the-axis.

iv) Note again thaf(0) = —1, f(¢) =i andf(co) = 1. They-axis, which is a circle, must map onto
the circle which passes through the points, i and1. Hence the image is the unit circle.




