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Math 206 Complex Calculus – Final Exam
Solutions

1 Solve the following differential equation using Laplace transform techniques:

f ′′(t)− 3f ′(t) + 2f(t) = e3t

wheref(0) = 0, f ′(0) = 1.

Solution: We apply Laplace transform to both sides of the differential equation using the formulas

L(f(t)) = F (s),

L(f ′(t)) = sF (s)− f(0)

= sF (s),

L(f ′′(t)) = s2F (s)− sf(0)− f ′(0)

= s2F (s)− 1,

L(e3t) =
1

s− 3
.

The equation then becomes

(s2 − 3s + 2)F (s)− 1 =
1

s− 3
.

Note thats2 − 3s + 2 = (s− 1)(s− 2). Solving forF (s) we find that

F (s) =
1

(s− 1)(s− 2)

(
1

s− 3
− 1

)

=
1

(s− 1)(s− 2)

(
s− 2

s− 3

)

=
1

(s− 1)(s− 3)

= −1

2

1

(s− 1)
+

1

2

1

(s− 3)
.

We easily take Laplace inverse transform of both sides of this equation and get

f(t) = −1

2
et +

1

2
e3t.



2 Calculate all values of(−4)−3/2, and indicate the principal value.

Solution:

(−4)−3/2 = exp

(
−3

2
log(−4)

)

= exp

(
−3

2
[ln 4 + i(2n + 1)π]

)

= exp

(
ln

1

8
− i

3

2
(2n + 1)π

)

=
1

8

(
cos

3

2
(2n + 1)π − i sin

3

2
(2n + 1)π

)
, n ∈ Z.

The principal value is obtained whenn = 0:

(−4)−3/2 =
1

8

(
cos

3

2
π − i sin

3

2
π

)

=
i

8
.

3) Evaluate the integral

∞∫

0

x1/5

1 + x5
dx.

Solution:

We integrate the functionf(z) =
z1/5

1 + z5
=

exp(1
5
log z)

1 + z5
around the closed contourPρ,R = CR −

Lρ,R − Cρ + [ρ,R] whereR > 1, 0 < ρ, 1 and

CR = {Reiθ | 0 ≤ θ ≤ 2π/5},
Lρ,R = {xe2π/5| ρ ≤ x ≤ R},

Cρ = {ρeiθ | 0 ≤ θ ≤ 2π/5},
[ρ,R] = {x| ρ ≤ x ≤ R}.

Inside this contour there is only one pole off(z), which isz = eiπ/5. By the residue theorem we have∫

Pρ,R

f(z)dz = 2πi Res
z=eiπ/5

f(z)

= 2πi

(
z1/5

5z4

)

z=eiπ/5

=
2

5
πi

(
z−19/5|z=eiπ/5

)

=
2

5
πi

(
e−

19
25

πi
)

= −2

5
πie−

6
25

πi

= −2

5
πi

(
cos

6

25
π + i sin

6

25
π

)

=
2

5
sin

6

25
π − i

2π

5
cos

6

25
π.

OnCR we have: ∣∣∣∣
∫

CR

f(z)dz

∣∣∣∣ ≤
R1/5

R5 − 1

2πR

5
→ 0 as R →∞.



OnCρ we have:
∣∣∣∣∣
∫

Cρ

f(z)dz

∣∣∣∣∣ ≤
ρ1/5

1− ρ5

2πρ

5
→ 0 as ρ → 0.

Moreover onLρ,R we havez = xe2πi/5, f(z)dz = f(x)e12πi/25dx and hence

∫

Lρ,R

f(z)dz = e12πi/25

∫ R

ρ

f(x)dx → e12πi/5

∞∫

0

x1/5

1 + x5
dx as R →∞, ρ → 0.

and

∫

Pρ,R

f(z)dz → (
1− e12πi/25

) ∞∫

0

x1/5

1 + x5
dx as R →∞, ρ → 0.

Combining this with the residue calculation above, we find

[
(1− cos

12πi

25
)− i sin

12πi

25

] ∞∫

0

x1/5

1 + x5
dx =

2

5
sin

6

25
π − i

2π

5
cos

6

25
π

which gives

∞∫

0

x1/5

1 + x5
dx =

2π

5

cos 6π
25

sin 12π
25

=
π

5

1

sin 6π
25

= 0.91786...

4) Consider the linear fractional transformationf(z) =
z − 1

z + 1
, and describe the images of the

following sets underf .
i) The upper half plane.
ii) The unit circle.
iii) Thex-axis.
iv) They-axis.

Solution:
First writef(z) in terms ofx andy:

f(z) =
z − 1

z + 1
=

x− 1 + iy

x + 1 + iy
=

x2 + y2 − 1

(x + 1)2 + y2
+ i

2y

(x + 1)2 + y2
= u + iv.

i) Wheny ≥ 0, we havev ≥ 0. Hence the upper half plane maps onto the upper half plane. Here we
used the fact that a nonconstant linear fractional transformation is onto.

ii) Whenx2 + y2 = 1, we haveu = 0. Hence the unit circle maps onto thev-axis.

iii) Note thatf(−1) = ∞, f(0) = 1 andf(1) = 0. Thex-axis, which is a circle, must map onto the
circle which passes through the points∞,−1 and1. Hence the image is theu-axis.

iv) Note again thatf(0) = −1, f(i) = i andf(∞) = 1. They-axis, which is a circle, must map onto
the circle which passes through the points−1, i and1. Hence the image is the unit circle.


