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1-a) Let D = {(x, y) ∈ R2| x, y ≥ 0 }. Find a bounded harmonic function
T (x, y) on D such that T (x, 0) = 0 and T (0, y) = 1.

Solution 1-a: Map the region D by log z = ln r + iθ = u + iv onto the re-
gion E = {(u, v) ∈ R2| 0 ≤ v ≤ π/2 }. Consider the function H(u, v) = 2v/π
on E. This is harmonic on E and satisfies the given boundary conditions.
Let T (x, y) = H(u(x, y), v(x, y)). Putting in v = θ = arctan(y/x) we get
T (x, y) = (2/π) arctan(y/x) as the required bounded harmonic function.
Note: This is a simplified version of Exercise 4 on page 307.

1-b) Let D = {(x, y) ∈ R2| x2 + y2 ≤ 1, x, y ≥ 0 }. Find a harmonic function
T (x, y) on D such that T (x, 0) = 0, T (0, y) = 1 and ∂T/∂~n = 0 along the
circular part of the boundary.

Solution 1-b: The function log z = ln r + iθ = u + iv maps D onto the
region E = {(u, v) ∈ R2| u ≤ 0, 0 ≤ v ≤ π/2. The function H(u, v) =
2v/π is harmonic on E and satisfies the given boundary conditions. De-
fine T (x, y) = H(u(x, y), v(x, y)). Putting in v = θ = arctan(y/x) we get
T (x, y) = (2/π) arctan(y/x) as the required bounded harmonic function.
Note: This is a simplified version of Exercise 5 on page 308.


