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2) The problem here is to establish the integration formula J dx_z using the simple

o x°+1)
closed contour shown below, where R > 1.

y

REJE#H

& X

() c R x

There is only one singularity of the function f(z)= 7, = ¢™? that is interior

2+1)Y

to the closed contour when R>1. According to the residue theorem,

dz dz dz _ : 1
reverc A Sy AR i

where the legs of the closed contour are as indicated in the figure. Since C, has parametric
representation z=r (0<rs<R),

'—"u:-lu

JCI(Z +1) g (r +1)

and, since —C, can be represented by z = re'™ (0<r<R),

R ’,
ellﬂﬂdr

J _dz =_j dz—zz_ =_€£1n13-T dr
K (33+1)2 "G z°+1) ﬂ((rem‘”)3+1)2 0 (r3+1)2

Consequently,

‘“*’ﬁj 2miRes —— S| —dz
(r +1) =2 (z3+1)2 ca(z’ +1)






3) To find the Cauchy principal value of the improper integral j

(x+1)cosx

dx, we shall use
x> +4x+5

+1 +1
the function f(z)= = = 2 , where =-2+i, and z; =—2—j, and the

22 +4z+5 (z-z)z-7)
same simple closed contour as in Exercise 9. In this case,

i .
(x+1)e” dx ; :
+ *dz = 2miB,
2 x> +4x+5 chf(z)e -
where
B=Res (z+De® | (g +De™  (—1+i)e™
=a | (z—g )(z2—7) (z—-3%) 2ei
Thus
(x+1)cosx : :
dx =Re(2miB) - 2
'[x +4x+5 S(2AE) J‘::‘,,f(z)g ’
or

I (x+ I)CDSI

T .
=—(sin2 — - 21,
o s g 5 , (sin2 —cos?2) LR f(z)e"dz

Finally, we observe that if z is a point on C,, then

R+1 R+1
(R=1z)(R=1Z]) (R=~5)

| f(z)I€ M, where M= 3 0'as R—>ee.

Limit (1), Sec. 74, then tells us that

Re jc f(2)edz| <

J,, F@e"de| 0 as R,

and 5o

(x+1)cosx
x*+4x+5

ij dx=§(sin2—c052).



4) Let C be the positively oriented unit circle Izl=1. In view of the binomial formula (Sec. 3)

]ESinz" Bdﬂzlj[rsmz" ﬂdﬂ——f [ ] dz _ I (£—12
0 42 iz 2““( —1)iJe

-1 )ZH

dz

21n+l( 1) j Z( ) zﬂ“k _l)kz-ldz

2n
1 2n
= ] k 2n-2k-1 -
2?n+l(_1)ni ; ( k )( ) LZ dZ

Now each of these last integrals has value zero except when k =n:

L Z'dz=2mi.
Consequently,

1 (Zn)l( )'2x _ (2n)!
2‘2n+1(_1) I (” 1) 22;:(” I)

[sin> 66 =
!sm
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5) The problem here is to derive the integration formulas

T x Inx ﬂ:2 = Ax P
= i d I= dx =—
=Gty M ieie et
by integrating the function
1/3 (1/3)logz : 3
f(:a:):=Z ke 082 (Izt:> 0,——?5«::3@3{—?:},
z'+1 2 +1 2 3

around the contour shown in Figure 1,

Branch cut

Figure 1



J, F@dz+ [, f@dz=2miRes f@)= [, f@dz- [ flDd

Since
o/ Mlogz logz

f()—M where $(z) = oge.

=] zZ+1

the point z =1 is a simple pole of f(z), with residue
RE_Sf(Z) = (p(;) =. Eeiﬁfﬁ '
=1 4
The parametric representations
L:z=re®=r(p<r<R) and —L,:z=re"=-r(p<r<R)

can be used to write

R
dr and Jf(Z)dZ— 'mjv;ln::lfv

P

;U_lnr
L f(2)dz = { 3

J;U_lﬂ?' +£;¢;3TU_IHT+IEJJ_ fﬁ

Pr+1 rr+1 2

-] f@de=], f@dz

By equating real parts on each side of this equation, we have

2
V_ —%sin(?s/ 6)

jv_lnrdr+c03(fr!3)_[v_lnr
~Re J,__ f(e)dz~Re | f(2)dz;

and equating imaginary parts yields

trinr ¢ Ar *

dr+ mcos(x/ 3 dr ==—cos(r/ 6
et ):ar2+lr 5 9ELE)

-Im |, f@)de~Tm [ f(2)dz.

sin(7 / 3)]

Now 5111(11:}3)—%3, cos(z/3)= 1, Sll‘l(ﬂ?fﬁ)-—-%, cas(n/ﬁ)——? and it is routine to

show that
i J, 7@de=0 anaJm f, fe)c-
Thus
jlf_lnr o \/_T
r-+1 2 s %2
«/_J;V_lnr ET «F
e ¥ +1 2ﬂ
That is,
3 E\EI _ﬁ_z
2 9 % 4’
2
£I1+£Iz=ﬁv’§.
2 2 4

Solving these simultaneous equations for I, and 7,, we arrive at the desired integration
formulas.



