Math 302 Complex Calculus II
Homework 1 — Solutions
by Ersin Ureyen
Fall 2006
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1: Evaluate / T where a > 1. Take into account that z* = exp(aln z) is not
x

0
defined at the origin.

Solution: We first find a branch of the function z®. Choose 3 such that 27 /o < § < 27.
There exists such a 3 since a > 1. For z = re®, let us take the following branch of the

logarithm
logz=Inr+i6, [—2m<60<p. (1)

(Here, In : (0,00) — R is the usual real logarithm).
Then, z® = e*1°8% is single-valued and analytic in D := C\{z = re?’, 0 <r < oo}.
Let v be the following contour: v := v, +vg — 72 — Ve, with

m = {z=r: e<r <R}

. 2
Yr = {Z:RGZQ:OSHS_W}7
(6]

Yo = {z:rei%ﬂ:egrgR},
: 2
Y = {z:eew:OS@S—W}.
1o}
Let 1 1
f(2) = z€D.

- 14 2z 1+ealogz’
We will integrate f around the contour 7. Now, f is analytic in D except at the points
where 1+ z% = 0. At these points,

2 — ealogz - 1= 6(7r+2k7r)z'7 LeZ.

Since our branch of the logarithm is as in (1), the above equation is equivalent to (for
z = re'f)
eUnr+i0) — o(m+2km)i - poc 7 and B — 21 < 0 < 2.

Solving the above equation for r and 6 we obtain
alnr=0 & r=1,

o =1 +2kn, keZand f—-2n <0< &

2%
g=" T hcZand f—21 <0 <.
(8]

(0%



Of the above points, only z = €™ lies inside of y. Therefore, f is analytic inside and on
~v except at the point e/, Let us find the multiplicity of the pole of f at z = e'™/:

— i T (ov— —1
= az*"! = ae'al@™l) = _qemm/ £,

y—eim/ r—eiT/

d
Laiq
7 (z+1)

Hence, f has a simple pole at z = €™ with residue —1/(ae™/%). Applying Residue
theorem, we obtain

211

/f(z) dz = 2mi Res(f, ™) = — (2)

ae—it/a’

On the other hand,

/vf(z) dz:/w £(2) dz+/mf(z) dz—/wf(z) dz—/%f(z) dz. (3)

Let us evaluate each of the integrals above.

On~vy;: z=r, de=dr, e<r<R; 2%=r

/Mf(z) dzz/ERliTra.

On vg: 2= Re" dz=iRe" df, 0 <6 <2r/a;

o alogz ea(lnRJriO) — Raeioﬁ‘

Y =e
2r/%iRe"df
f(z) dz :/ T
/’YR 0 1+ Raezoa?
For R > 1, A A
|1 _I_Raezoz9| Z |Raeza9| — 1= Ra 1.
Therefore,

27/
g/ R g2 2
0 Rx—1 a R —1

/m f(z) dz

/ f(z) dz— 0 as R — oo.
TR

Since a > 1,

On vyy:  z=re?/* dz=e?"/r, e <r < R;

o alogz ea(lnrJr'iZﬂ/a) — eodnr+i2w a

=T7r.

R i27r/ad ] R d

€ T T
dz = _ z27r/a/ )
/Wf(z) : / T+re C ) T4

On~: z=ee" dz=ice? df, 0 <6 <2/

zZT =e€




a(lne+if) __ eaeza9

27/« ieewdﬁ
f(z) dz —/  E—
(2) i

14 Eaezaﬂ '

=€

For € < 1, we have ' .
|1+€aeza6| Z 1 — |6a6m9| — 1 — ¢~

g/%m € g
0 1 —e al—e

Ase— 0, €/(1 —€*) — 0. Therefore,

So,

z) dz

/f(z)dz—>0 as € — 0.
Ve

By (2) and (3),

/f M+/f M—/f m—/f M_/f

Taking limits as € — 0 and R — 0o, we get

R—o0

. We conclude,

271
ae~it/a’
. 271
i [[ 1 [ o= [0 [ 1] - F
(1_ zQw/a) _/OO _ 271
o 1+re aeim/a’
B _ T/a
14 re o (e~im/a —gin/a) — (gin/a _ e=in/a) /2 sin(m/a)’

/°° dr 2mi 1 /o
0



X
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2: Evaluate / YR where n > 1 is an integer.
o (1+a2)n

Solution: Write I

Let 7 be the following contour (R > 1): 7 = v, + g, with
71 = {z=r: —R<r <R},
i = {z=Re?: 0<0 <)
We will evaluate [ f(z)dz in two ways.
f is analytic in C except at the points where (1 + z2)" = 0. The factorization (1 + 2%)" =
(z — i)"(z + )" shows that (1 + 2?)" has zeros at the points z = i and z = —i with

multiplicity n. We conclude that f is analytic inside and on v except at the point z = 1,
where it has a pole of multiplicity n. The residue of f at z =1 is:

, 1 dnt n 1 dn1 1
Res(fyi) = Gpiaa (G —0YE) = oo Grala
B 1 et (n+1)..(2n—2)
- (n— 1)!( D (z +14)2n-1 2=i
_ 1 (1)1 (2n—-2) 1
(n—1)! (n—1)! (2¢)2n1
(=Dt (2n—-2)! 1
@l (n—1)l(n — 1)1 22017
By Residue theorem,
(=)™t (2n—2)! 1

/f(z)dz = 2mi Res(f,1) =

w(2n —2)!
(n —1)(n —1)122n=2"

(2" (n—1)l(n — 1)! 2202

On the other hand,
f(2)dz = f(2)dz + f(z)dz.

On~: z=7r dz=dr, —R<r<R.

/y1 f(z)dz = /_Z(l—f%)”'

On vg: 2= Re?; dz=iRedf, 0 <r <.

N iRe®
/YR f(Z)dZ = /(; mde



For R > 1, |1 + R%*%| > |R%*?°| — 1 = R* — 1. Therefore,

/VR f(z)dz| < /O7r (R2]j 7 _ (R;ri%l)nd&

Sincen > 1, [ f(z)dz — 0as R — oo.

We conclude

7(2n — 2)!

/71 f(2)dz + /WR f(2)dz = /Vf(z)dz — T

Letting R — o0, we obtain

/°° dr m(2n — 2)!

o (L4727 (n—1)l(n — 1)1220-2"

Therefore,

< odr m(2n — 2)!
[ e -



3: Find a conformal mapping of the disc z? + (y — 1)> < 1 onto the first quadrant

x,y > 0. Investigate the conformal property of your map also on the boundaries.

Solution: Let fi(z) = z —i. Then f; maps the disc {z = z +iy : 2?4+ (y — 1)* < 1}
conformally onto the unit disc {z =z + iy : 2? +y? < 1}.

Let fa(z) = (2 —1)/(2 + 1). Then f; maps the unit disc conformally onto the left half
plane {z =z +iy: = < 0}.

Let f3(z) = —iz. Then f3 maps the left half plane conformally onto the upper half plane
{z=x+1iy: y>0}.

Let
fi(2) =z = e%logz, zeD:=C\{z=re™?: 0<r < oo},

where for z € D, logz = Inr+i6, —n/2 < 0 < 37/2. Then f; maps the upper half plane
conformally onto the first quadrant {z =z +iy: = > 0,y > 0}.

f() = fiofso oo file) =\~

where the meaning of "square root” is as in explained above. Then f maps the disc
{z=x+1y: 2?2+ (y — 1)® < 1} conformally onto the first quadrant.

Write

f is conformal at the boundary of the disc {z = z+iy : 2>+ (y— 1) < 1}, except at the
points z = —1+17 and z = 1 + 4. It is clear that f is undefined at the point z = —1 4 .
At z =1+, f is also undefined since f; is undefined at z = 0.



z
4: Describe the image of the unit disc under the transformation In (

>, where an
z+1

appropriate branch of the logarithm is used.

Solution: Let fi(z) = (2 —1)/(z +1). Then f; maps the unit disc conformally onto the
left half plane {z = = + 1y : x < 0}. Take the following branch of the logarithm

logz =Inr+i0, 0<6<2m, z=re?.
Then log z maps the left half plane conformally on the strip {z = z+iy : 7/2 <y < 37/2}.

Comments and questions to: Ersin Ureyen <ureyen@fen.bilkent.edu.tr>.



