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Please do not write anything inside the above boxes!

PLEASE READ:

Check that there are 5 questions on your exam booklet. Write your name on the
top of every page. A correct answer without proper reasoning may not get any
credit.

All curves today are smooth projective curves. The following are some for-
mula without any further details. Use them at your own jurisdiction.

UD)— UK —D)=degD — g+ 1.

If f: X —Y is of degree d, then

29x —2=4d(2gy —2)+degR, where R=) (e, —1)-p.
peX
s (=41
D VT W

D~0<«<= D=(f).
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Q-1) Show that in P! any two points p and ¢ are linearly equivalent, i.e. there
exists a rational function f such that (f) = p — ¢. Show that the genus
of P! is zero and that it is not possible to have an un-ramified morphism
¢ : P! — P! of degree greater than 1.

Solution:

Let p = [ag : a1] and g = [b : by] in P'. That p # ¢ means agh; — a1by # 0.
Let [zo : 1] be homogenous coordinates on P*.

a1y — Qo1

Define f(zg,x1) = R Since p # ¢, f is not constant. Then it is

clear that (f) =p—q.

The above calculation shows that f € L(g). Clearly constants are also in
L(q), so £(q) > 2. In particular for all positive integers n, we see that
the functions 1, f, f2,..., f™ are all in the vector space L(ng) and hence
{(ng) > n+1. Let n > degK where K is the canonical divisor of P'. Then
(K —ngq) = 0 and the Riemann-Roch theorem for the divisor ng becomes

g=degng+1—/{(ng) <0,

but since the genus is always a non-negative integer, we get that the genus
of P! is zero.
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Q-2) Show that every curve of genus 1 can be embedded into P? as a curve of
degree 3 of the form y? = z(x — 1)(x — ) for some \ € k.

Solution:

Let C be a curve of genus 1 and let K be its canonical divisor. deg K =
2g — 2 = 0 so for any divisor D of positive degree we have ((K — D) = 0.
The Riemann-Roch theorem for such D becomes

(D) = degD.

In particular, fix a point p € C' and let n be any positive integer. Then
l(np) = n. If x and y are rational functions on C' with the property of
having a double (resp triple) pole at p and being regular elsewhere, then:
L(p) is generated by 1.

2p) is generated by {1,x}.

3p) is generated by {1, z,y}.

4p) is generated by {1,z,y, z*}.

5p) is generated by {1,z,y, 2% xy}.

We notice now that L(6p) contains the functions {1,z,y,z? zy,z3 y*} but
since ¢(6p) = 6, these seven functions must be linearly dependent. So there
exists constants aq, ..., a7, not all zero, such that

L
L
L(
L(

arl+asz+ - +agz” +ary® =0.

If ag = a; = 0, this gives linear dependence among the first five elements
which we know to be linearly independent from above. On the other hand
since 23 and y? are the only two functions in this list with sixth order pole
at p, if one of them appear in the linear dependence equation, then the other
must also appear to cancel its pole. So both ag and a; are non-zero.

Now we can consider the map
¢:C — P?

given by ¢ — [1 : z(q) : y(q)]. The above linear dependence equation shows
that the image satisfies a cubic polynomial in z and y. Using Riemann-Roch
theorem we easily check the criteria for this map to be an embedding (see
class notes.). Then by using successive change of variables we bring the above
cubic to the required form. Note that A # 0, 1.
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Q-3) Find the j-invariant of the plane curve given by

y? =2 + 52 + 11z — 22y + 6.

Solution:

The above equation is equivalent to (y + z)? = (z + 1)(x + 2)(z + 3). Let
Y = z+yand X = z+2. Then this equation becomes Y? = X (X —1)(X —))
where A\ = —1, and this gives j = 1728.
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Q-4) If X is a curve of genus 2 and ¢ : X — P! is a morphism of degree 2, then
show that ¢ is ramified at exactly 6 points each with ramification index
2.

Solution:
Using Hurwitz formula we find that deg R = 6, but deg R = > (e, — 1)

where e, = 1,2 since deg ¢ = 2. This gives that e, = 6 for exactly six points
peX.
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Q-5) Let D be a nonzero divisor of degree 0 on a curve X of genus g. Determine
(K — D) explicitly, where K is a canonical divisor of X. Note that the
answer depends on whether D ~ 0 or not.

Solution:

If D ~ 0 then the vector spaces L(D) and L(0) are isomorphic. But clearly
¢(0) = 1 since only constants are in L(0). If on the other hand D + 0, then
assume f € L(D) for some rational function f. We will have by definition of
L(D) that (f) + D > 0 but clearly deg ((f) + D) = deg ((f)) + deg(D) = 0,
so we must have (f) + D = 0. This shows that D = (1/f), or equivalently
D ~ 0, a contradiction. So ¢(D) = 0 in this case.

Now using the Riemann-Roch theorem, we find that
(K —-D)=4{D)+g—1—degD,

we find that if D ~ 0, then /(K — D) = g. Otherwise {(K — D) =g — 1.



