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Q-1) Find an infinite product factorization for
(7) (%)
cos|— ) —sin(— ).
4 4

Q-2) Show that
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Answer-1: Let ¢(z) = cos (%) — sin <%) The zeros of this function are 1 — 4k where £ € Z.

Using the Weierstrass factorization theorem it is easy to write an infinite product which has exactly
the same zeros. Then the tricky part is to determine the exact ratio of these two functions, which can
be done by some ingenious calculations.

Another way to approach this factorization is to rewrite ¢(z) in terms of sine function and use the

factorization of sine.
¢(z) = cos <%Z> — sin <%Z>

where we used
sin(A + B) = sin A cos B + cos Asin B

sin(A — B) = sin Acos B — cos Asin B
sin(A+ B) —sin(A — B) = 2cos Asin B

T2
whereA—ZandB—Z—z.

Continuing from where we left off, we have

6(z) = ﬁsm(lf)_w

4n

(n—1+z)(4n+1—z)
- (1_2)H (4n—1)(dn + 1)
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Answer-2: We recall that

SiIlﬂ'Z:ﬂ'ZH 1——2 .
n

n=1

Here we put z = 1/2 to obtain

‘We note that

(1—#) - (1_%) (1+%> _ (2n—(12)7£)22n+1)'
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