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Bilkent University Solution Key

Q-1) The following questions all involve an application of Rolle’s Theorem or the Mean Value Theorem.
You are expected to explain clearly, in well formed sentences, how the solutions are reached using
these theorems.

(a) Let f be a function differentiable everywhere. Assume that f'(x) is never equal to 1. Show
that there is at most one point x such that f(xg) = xo.

(b) Let f(x) = x* + 32z + ¢, where c is a constant. Show that no matter which c is chosen,
f(z) = 0 has at most two real roots.

(c) A car leaves Ankara in the morning destined to Istanbul. At the same time an intercity bus
leaves Istanbul destined to Ankara, following the same highway. The drivers are instructed to
drive non-stop but at any speed they like at any given time. That evening they both arrive their
intended destinations at the same time. Show that sometime during the day both drivers were
driving their vehicles at the same speed.

Grading: 3+3+4=10 points

Grader: emre.sahiner@bilkent.edu.tr
Solution:

(a) Assume that we have f(a) = a and f(b) = b with a # b. Then by the Mean Value Theorem we
have for some c between a and b
f0) = fla) _b—a _

f'e) = b—a b—ua

contradicting our assumption that f'(x) is never 1. So f(x) = z cannot have more than one solution.
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(b) Suppose to the contrary that f(x) = 0 has three solutions ¢; < ¢2 < ¢3. By Rolle’s Theorem
there exist points d; € (¢1,¢2) and dy € (cg, ¢3) such that f'(d;) = 0 and f’(dy) = 0. Here note that
dy # ds.

On the other hand f/(z) = 423+ 32 = 4(2®+8) = 0 has only one real root which is —2, contradicting
the existence of two different roots, d; and ds, that we found above.

This contradiction shows that no matter which c is chosen, f(z) = 0 will have at most two real roots.

(c) Let f(t) be the distance of the car to Ankara at a given time ¢. Similarly let g(¢) denote the
distance of the bus to Istanbul at a given time. Assume that they start at time ¢, and arrive at time ;.
We know that f(ty) = g(to) = 0 and f(t;) = g(t,) = the distance between Ankara and Istanbul.

Define ¢(t) = f(t) — g(t). We have ¢(ty) = ¢(t1), so by Rolle’s theorem there is a time ¢, with
to < ¢ < t; when ¢'(c¢) = 0. This gives f'(c) = ¢'(c) as claimed.



