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A TRIGONOMETRIC PROOF OF MORLEY'S THEOREM

E'H. DEMIR, M.E.T.U., Ankara, Turkeyj

Frank Morley has discovered some B0 years ago a
remarkable theorem [16] and many proofs and extensions have
been obtained (see references) since then. We notice in
particular the two synthetic proofs, one direct [3] and the
other indirect (16]. We offer here a trigonometric proof.

THEOREM, If the trisectors of the interior angles of
a triangle are drawn so that those adjacent to each side
intersect, the intersections are vertices of an equilateral
triangle.,

Proof. Let the trisectors adjacent to the side BC
(CA, AB) of ABC intersect at A' (B', C'). We show that
A'B'C' is an equilateral triangle (Fig. l). Setting
(1) <BAC = 3q, <CBA = 38, <ACB -= 3y,

a+ B+ y= GOD,
and denoting the circumradius by R, we have

a = 2R sin 3a = 2R siau (3cos?a -!inzu),
(2) b = 2R sin 38 = 2R sing (3cos?g -sin’p),

¢ = 2R sin 3y = 2R siny (3cos?y -sinzy].
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The proof consists of evaluating the side a' = B'C' .
of A'B'C' in terms of a, B, vy and R, showing that the
expression for a' is symmetric in the variables, This
symmetry establishes ﬁh- equalities a' = b' = ¢' for A'B'C',
and hence the theorem.

To this end, we apply cosine law to AB'C', the sides

x = AB', y = AC' of whith are obtained by sine laws applied
to AB'C and ABC':

(3) x = b gin y/sin( a+ v), y = ¢ sin B/sin( a+ B),

Using (1) and (2), we have

x = 2R sin ﬂIJcnuzﬂ-sinz

B ) sin v/s8in(60°- B)
| : = 4R sin Bsin Y[Scoszﬁ-sinzﬂ )/ (Y3cos B- sinB )

= 4R sin Bsin v (Y3cosB + sinB ).

Setting
(4) k, = 4R sin Bsin v
X = kaxl' y = kayl

where
(6) Xy =/3 cos B+ sin B, Yi‘ =/3cos Y+ sin ¥
we have, by cosine law applied to AB'C':

y 2 2 2 TN 2.2
(7) a'“ = ka {xl + vy, leylcol a) = ka u
with

u?=( 3cos B+ u;nB)2+ (V3cos v+ siny) - 2(/3cos B+sinB)*
.+ (/3 cos y+siny)cos a

-a[cn-zﬁ.+cn:21) - [uinzﬁ +nin2a1 +2/3(cosB sinB +siny cosy)
-@[3cosBcos y+sinBsin v+ V3 (cosBsiny + sinBcosy] cos a

-3(:&:25 +c0127} +2 - [cnlzﬁ +c0l2T} + Y3(sin 28 - sin 2y)

-3 (2cosBcosy)cosa - (2sinBsiny)cosa - 2¥3sin (B +Y)cosa,
Introducing now t = cos(B - v),
u!_ 2+ 1+cos 28 +1 + cosy2 + 273t #in(60° =a)

-3(t + cos( B+Y))cosa - (t-cos(P +Y))cost-2"3costsin (60°-a)




= 4 + (cos 2B + cos 2y) + [2/Jsin(60°-a)]t

- 4t cosa - 2cosa cos(60°-a) - 2/3cosa sin(60°-q )
= 4 + 2t cos(B + y) + 2/t 8in(60°- ) - 4t cosa
-2cosa cos(60°- a) - 2/3cosa sin(60°- a)
=[2(1/2cos8a + 1/2/3sina ) + 2/3(1/2/3cosa - 1/2sina)-4cosalt
+4- 2cosa{l/2cosa+ 1/2vV3sina) =2/3cosa(l/2/3cosa-1/2sina)
=[cos a+/3sina +3cosa -¥3sina =4cosa ]t

2

+4 - cnuzu -/3cosa sina =3cos“a +/3cosa sina

2 2

= 4§ - 4cos“a = 4sin“a .

Hence by (7)

2- 4 ginzu = E‘Rz uinzusinzﬁuinzY ’

2
a'“ = ka
and since a', sina , sing , siny> 0, we have
a' = BR sina sing siny
which is symmetric in the variables and hence

a' = b' = ¢' = 8R sina sing siny

and this completes the proof of the theorem.
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