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ON THE GEOMETRY OF n DIMENSIONS AND EXTENSIONS
IN E2 OF ERDOS - MORDELL - OPPENHEIM INEQUALITIES

Hiseyin DEMir

Abstract. In this paper several properties in the n dimensional Euc-
lidean space E» are obtained by the use of cartesian, hypervolume and
(n 4+ 1) - polar coordinates, and also some extensions of Erdés-Mordell-
Oppenheim inequalities for triangles to polygons are given.

This paper includes the following results : The equation in volume
coordinates of the circumhypersphere of the simplex of reference (2.5),
the expression for the power of a point relative to the circumhypersphere
(2.10) and that for circumradius (2.15); the equation of the generalized
Euler hypersphere (3.4); various relations for general hyperspheres (4)
including the representation of a hypersphere by a finite sequence of
powers (4.1); equations of some radical hyperplanes (5) and as applica-
tion the obtention of hypervolume coordinates of the circumcenter
(5.12); a proof of the general Pythagorean theorem (6.2). The paper is
concluded by Section 7 in which is stated a conjecture (7.12) as an ex-
tension of Erdés-Mordell-Oppenheim inequalities to convex polygons,
and the proof is provided (7.18) for regular polygons.

1. Introduction. We recall here some definitions of the geometry of
n dimensions. An n-simplex in the Euclidean space E" is obtained in
a manner as explained in [1, p. 120] : The only figure in E° is a point,
denoted by S,=4,, called 0-simplex. In E! two distinct points 4,
and A, define a line segment called 1-simplex S;=4, 4;. In E?
taking A, exterior to 4, 4, one gets a triangle A4, A, A, called a 2-
simplex S,== A4, A, A,. Continuing this way one obtains a 3 —simplex
SzEAO A, A, A, (a tetrahedron) in E3 and so on, and finally an
n—-simplex S,=4,4, ... A, in E".
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We consider the simplex S,=A4;4, ... A, where the vectors

. —_— -
Aydys Agdyy oo v Agddy are linearly independent as the simplex of
reference. The n + 1 (n— 1) - simplexes obtained by removing from S,
a vertex at a time will be denoted by

(1.1) Toes Ay oo Ay, TisB Ag'sds doly ey vuedyy
Fomm Ay cvv Ageiia [LEIG A=)
and the sides of S, by
(1.2) ay(=a;)=A4; 4 (=4;4:), [0 i,i<n], ax=0
The oriented hypervolume A, A, ... A, of S, is defined [2, p. 124]
by the determinant

gy e
1 : o5
(1.3) v:AOAl...A,,s—,—L—!— . G e ()

Oy s s« Gin * &
which is invariant under the Euclidean motions.
We agree to denote the hypervolumes of the bases (1.1) by
(1.4) ai= Vol (T)), [0 <i<n]

Taking a rectangular coordinate system 0x,x, ... x, in E", the
cartesian coordinates of a point P is the n-tuple

(15) P—(t, %, 0010
and those of the vertices of the simplex of reference S, will be denoted by
(1.6) Ai=(ai1, aizgo--,ain)v [Ogi\<\n]'

DeriniTION. By the volume coordinates [3, p. 122] of a point P
relative to the simplex of reference S, are meant

(1.7 Vgt Uyt «out Uy = Vol (89: Vol (8): ... : Vol (S»)

with

(1.8) Si=Ay... 41 PAq... A, [0<i<n]

where P occupies the first place for i =0 and last place for i = n.

For convenience the hypervolume coordinates of P will be repre-
sented by using square brackets as



1968] ON THE GEOMETRY OF n DIMENSIONS 177

(1.9) P == [ty st » 40 L]
so that we have
(1.10) Ag==[1; 05005 0] 5y =05 14 0500 20 0] 50 vihi Ay =[057. 4240, 1]

DeriNirioN. If my, m,, ..., m, are not all zero, then the vectorial
equality
(1.11) m0_1>’=‘i0 m,-(—)j4,~,m='io m; = 0
defines a single point P independently of the point 0. The numbers
my, my, ..., m, are referred to as the barycentric coordinates of the
point P relative to the simplex of reference S,=A4,4, ... 4,.

The barycentric coordinates of the vertices 4; of S, are the same
as their hypervolume coordinates (1.10), and indeed we will show in
the next section (2.3) that the same is true for any point P in E~,
(1.12) DerFiniTION. By the (n 4 1) —polar coordinates of a point P re-
lative to the simplex of reference S,= A4, A4, ... A, are meant the
distances p;, py, - .., p. of P from the vertices, or the numbers pro-
portional to them.

To make a distinction, the (n 4 1)—polar coordinates of P will
be denoted by
(1.13) « P=< pys Pra ++0s Pa = o Pri= Pdy o [0 < i < 1.

In particular the polar coordinates of the vertices of the simplex
of reference are

Ay =<0 5ty 5 Ogg's sy Ugp

Ai=<ap, 0, a5, ..., a1, >

(1.14)

An='< Qng 9 Apy s Qpg 5 oo vy O>

In the Euclidean space E" the hypersphere (Q, r) with center
Q = (w;, Wy, ..., w,) and radius r is defined as the locus of points

(1.15) (X: || X—Q| =r)

with cartesian equations

f(X)= ;E (% —w)2—1r2 =0

i=0
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(1.16) f(X)= i a0 i wi %+ 0y =0, 0, = i o —r2,
i=0 i=0 i=0
The power of the point P with respect to the hypersphere (1.16) is
given by

(1.17) n=f(P)=p*—r2, p=PQ.

and hence the power of P relative to the hypersphere

g(x) =1 )E 4 —2 i NxFRrg=0, (A£0)

is
(1.18) n=g(p)/*, (A#0)

2. Circumhypersphere of S,. Proving two lemmas we obtain the
equation in volume coordinates of the circumhypersphere (S,) of
S,=A, A, ... A, , the expression for the power of a point with res-
pect to this hypersphere, and for its circumradius R in terms of the
sides aij of S, .

(2.1) Lemua. For any point P = [v,, vy, ..., va] with vi = Vol (S%)
and v = Vol (S,) we have the equality

i Vi="7D.
i=0
Proof. Denoting the left hand side of this equality by V, we have
in view of (1.71), (1.8) and (1.3),

gy v+ g oe s A |

Qi —11 oo Oji1j oo Ui —1 n 1

n

(2.2) n! §"] v = 2

i=0 i=0

O 11 oo Oy ess Oig1n 1

i o iy e
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where the row x; , 4, , ..., x, occupies the first row for i = 0 and the
last row for i = n. The coefficient of x; in (2.2) is equal to the sum

Agi+ A+ ..o + Ay

of the n + 1 cofactors. But this sum is nothing but the Laplace expansion
of (1.3) when its (j) th column is replaced by the last column consisting
of I’s. Hence it is zero, showing that n!V is independent of the point
P=(x;,%,, ..., %:). To evaluate n! Vit will then suffice to take in (2.2)
the point P at the origin (0, 0, ..., 0), and in that case n!V equals the
sum of the cofactors of the elements of the last column, that is, the value
nlv of (1.3). Hence n!V = nlv and therefore (2.1) is true.

(2.3) LemMA. The hypervolume and barycentric coordinates of a point
are identical.

Proof. These coordinates coincide at n + 1 linearly independent
points, namely, at the vertices of S, (1.10), and by their linear charac-
ters we conclude that they coincide at every point of E».

As a consequence of (2.3) and (1.1) we have

(2.4) i v; OA,, V= f_‘, v .

i=0 i=0

(2.5) ToeorEM. The equation in volume coordinates of the circum-
hypersphere of the simplex of reference S,=A,A, ... A, is

; z afj Vi vj-—_:O, (a,~,~=A,-A,-)
Proof (by induction). For n = 2 the equation of the circumcircle of
a triangle ABC being [4, p. 168]
A A+ A A FR2AAN =0

where a, b, ¢ are the sides of the triangle and A, , A, , A, are the areal
coordinates [3, p. 119], and the theorem is true for this case.

Assuming that the theorem is true for n —1 (n > 3), that is, for
(n—1) -simplex Ty= A, ... A, in the space E*—1,let the equation be

(2.6) 2 a; uiu;=0

where u’s are volume coordinates of P relative to A, ... 4, .
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The equation of (S,) being a quadratic form
(2.7 o vi 42 Xviv=0
and satisfying 4; = [0, ...,0,1,0, ..., 0] we obtain ;s =0, [0 < i < n]
and (2.7) reduces to
(2.8) Doy v v, =0.

We want (2.8) to be the equation of the circumhypersphere. Then
it should contain the circumhyperspheres of the bases T: of S,, in
particular, that of Ty = A, ... A, . This means that (2.8) should be
reduced to (2.6) upon the substitution vy = 0. In case v, = 0 the coor-
dinates v;, ..., v, of P should be equal to u;, ..., u, in (2.6) and
therefore for o;; (i~ 0) one has

QgD wee § Wi ==04gt ove d Off o
Setting then in turn v, =0, ..., v,=0, and repeating the ar-

gument for each case we conclude that «;;’s are proportional to a;;'s,
and therefore (2.5) is established.

The foregiong proof rests on intuition at some stage. So to justify
the result (2.5) another proof is supplied using vector algebra :

Proof II. Taking the circumcenter Q as coincident with the origin
of cartesian coordinates and denoting the circumradius by R, and by
(2.4) letting the point

@9 P=(% a)P=% ad, I a=v=1,
be on the hyrcumhypersphere (Q), we get by inner product
Ri=P, P=Y v v Ai. A
where A; . A; sarisfies the relation
af =(di —Aj)? =2 Ai. Ai—2 A;. A;=2 R*—2 4:. 4;.
Hence
2 R®=%viv 2R —a})
=2R Y v v, — 3 a; vi vy
=2 R (3 v)* % a:_’j v; Vj
=2R*—3% a:.';. v; v;
and (2.5) holds.
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(2.10) TaeoreM. The power of the point P = [v,, vy, ..., v,] with
respect to the circumhypersphere of A, A, ... A, is given by
=02 2'3 ad v; v, (0= 4; 4;).
0<icj Y
Proof (by induction). We first prove the theorem for n =2. Let
ABC be a triangle and let P have areal coordinates A,, A, , A, and
trilinear (normal) coordinates [3, p. 112] x, ¥, z so that we have

2.11 A,,:iax,Abz-l—b - Aczl-cz.
2 g 2

Denoting the pedal triangle of P by XYZ and its area by XYZ we
have [5, p. 140] :

(2.12) XYZ =% (R*—OM?) sin A sin B sin C

where R is the circumradius and 0 the circumcenter. Then solving (2.12)
for 7 = O0OM? — R? we get

XYZ T O 1
[ Azsif zzsin C =‘1¢6;1: SAFL
= XVD e 1Y SPYZ, (abo =4RA)
— 2f2 Y yz sin A
o 2A‘Rz ¥ 2;3" 2CA° 2aR (from 2.11)
2R 4aAA _ TaAA
A abc . 2R A

This result proves (2.10) for n = 2.

Now we suppose that the theorem is true for n—1, that is, let the
power of P = [u,, ..., u,] with respect to Ty=A, ... A, have the
form

n

2.13 T=-—u—2 a u; uj, u= ﬁ u; .
ij J

0i<j i=0




182 H. DEMIR [December

For n =n the expression for the power w should admit the left
hand side of equality in (2.5) as a factor and we have

n
(2.14) W= Ap 4% a; v v, v:l}]O v;.
i

Since (2.14) is homogeneous of degree zero, in the variables v;, the
factor A is independent of v;’s and is a function of a;;’s alone, hence it is
a constant. Since for v, = 0 (2.14) should be reduced to (2.13), it follow
that A =1, and this establishes (2.10).

(2.15) TuroreM. The circumradius of the simplex of reference Ay A, ... A,
is given by

R2 — (‘_1)2 Iaf}l
T on+41 (n !)2 v2

, o=Vl (S), |a}|=det [a}].

i

Proof. Consider the Cayley’s formula [2, p. 124] for the volume of
the simplex in terms of its sides :

0 1 1A e Tt L () el sl
1 0 @ g 1
01 On
1 a:! 0 sle e a,
(2.16) 2 = ﬂl_ : _m 5 . | =k,
2" (n 1)? o
i
1 a a, 0 1

where a; = A4; A; and k, =(—1)*/2"+! (n!)2.
Taking a point Q in E+! and applying (2.16) to the (n 4 1) -

simplex Q A, A, ... A, we have for its volume v, 4 ; :
P 0“1 +

(e T T R T
0 QAL ... Q4

—

1 A, 0 AgA* ... A, A

025 1 0" n

g AOCAAE 0
n+1 L

1 A4,Q2 A,,A:A,,A:... 0
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If now Q is taken in space E" of S, the hypervolume uv, . in
E* + 1 vanishes in E*, and if furthermore Q is taken at the circumcenter
of S,, that is, if Q 4; = R [0 <{i <{n], we get the relation for R :

0 1 1 1 —2 1 0 0
0 R2 R? 1 0 Rz R?
R? 0 1

1 R? 0 1

where the second equality is obtained from the first by elemementary

row operations. Expanding the latter with respect to the first row we get
2R* v? [k + | a}| =0

proving (2.15).

3. Euler hypersphere. The Euler circle of a triangle [5, p. 195] can
be extended to simplexes in several directions. If this circle is defined
as the circumcircle of the medial triangle of the triangle, and the mid-
points of the sides are interpreted as the centroids of the sides, then one
extension (E) is obtained as the circumhypersphere of the n-simplex
Gy Gy ... G, where G; is the centroid of the base T; of S,. This will be
taken as the definition of the Euler hypersphere of the simplex of refe-
rence S, . To obtain the equation in volume coordinates of (E) we give
two lemmas.

(3.1) LemmA. For any point O

06, Oeis Mgl B fus o G,
b—al 1/n ) e E‘ll
6-»0,, 1575, SR B0 et S 6.—;1,.
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This follows directly from the definition of G; above.

The square matrix I' in (3.1) is non singular, since
det ' =(—1)"n—". Hence I'~! exists so that (3.1) can be solved

for (—)74,-:

04, (1) 1 ad 1 fifeh
— o
04, 1 —(n—1) ... 1 0G,
(3‘2) . e . . .
i %,
04, 1 1 vor —(n—1) 0G,
(3.3) Lemma. If vy, vy, - .. , v, are the volume coordinates of a point P

relative to the n—simplex Ay A, ... A, , then the volume coordinates of P
relative the n —simplex G, G, ... G, , is the n—tuple

n
[v—-—nvo,n—nvl,...,v———rw,.], Di=
i

Proof. Setting the values of 04; from (3.2) into (2.4) we get

—_— — — FIE
v OP = (U Y. nvO) OGO + ('U i nvl) OGI + it s + ('U o nvn) OGn
which gives the required result.

(3.4) Tueorem. The equation in volume coordinates of the Euler hyper-
sphere (E) of the the n—simplex AjA, ... A, is given by

2 & (v—nv) (v—nv;) =0
i,j=0 Y

Proof. If we denote the sides of GG, ... G, by b;; , then the equ-
ation of (E) is, in view of (2.5),
(3.5) % B (v—nv) (0—nvy) =0
iyj=0
since v —nv;'s are the volume coordinates relative to G, G, ... G, by
(3.3). One may show that b;; = a;;/n. The latter, set in (3.5), proves
(3.4).

For n =2, the equation (3.4) reduces to one given in [4, p. 171].



1968] ON THE GEOMETRY OF n DIMENSIONS 185

4. General hyperspheres. The content of this section rests essen-
tially on the idea of representing a given hypersphere by a finite sequence
of powers. Let (Q, r) be a given hypersphere (1.16) and let w; be the

power (1.17) of the vertex A; of S, relative to (2, r). Then the fol-
lowing holds :

(4.1) THEOREM. Given a simplex of reference Ay A; ... An, a hypersphere

(Q) determines a finite sequence < I, > of powers, where I1; is the
i=0

power of A; relative to (Q) , and conversely every finite sequence deter-

mines a hypersphere, and one writes (Q) = < II, ;
i=0
~ Proof. The necessity follows from the definition of II,’s. To prove
the sufficiency we show that there exists a unique sphere

Q:f(X)=2Z 2} —2 T o x4+ 0, =0
such that the powers of 4; relative to (Q) are the terms of the given
sequence II, , I, ..., IT,. In view of (1. 16) and (1.17) we write

fd)= 3 &2—2 5 oayto, =T, [0<i<n]

i=1 i=1

which is a system of n + 1 equations in the unknowns Wos Bg 5 555 5 tiy

admitting nlv (1.3) as Cramer determinant. Since v 7 0, the system

has a unique solution. «, gives the radius and (o, , ... , ©,) the center.
In particular < 0,0, ..., 0 > is the representative of the circum-

hypersphere of S, .

(4.2) Taeorem. If m is the power of a point P=[vy, v,, ..., v,

relative to the circumhypersphere (S:) of S.=Ay A, ... A, , and if

denotes the power of A; relative to the circumhypersphere (S') of

Si:—:Ao oo Ay P Ay s A, [0 <l<n], then

my=—nv, [0<i<n].

Proof. The cartesian equation of (S,) is given by

V¥ xj Xr e Ay 1

2 %, O -.e Ogn 1
J(X) =

Z dil Ony oo Gnn 1
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where the cofactor of X «; is n!v. Hence by (1.18),
(4.3) = =F (P f(nl), o
(4.4) wo == PP} [ w5
From the determinantal equation f; (X) =0 of the hypersphere
(S) we get a similar result, namely
(4.5) o v;=f; (4) [n!.
But since f; (4;) = — f(P) we have our required result.

(4.6) CororrAry. Ifin E" are takenn 4 2 points Ay, ..., A, , A, 4,
no n + 1 of them lie on the same hyperplane, and if w; is the power of A,
[0 <i<<n + 1] relative to the circumhypersphere of the simplex formed
by the remaining n + 1 points, then

n+41

> wm-l=0,
i=0
Proof. If A, 41 is considered as P in (4.2) and thus =, ,; ==,

then from (4.2) and (2.1),

i
IR
v & Bl v s L 3ot Ynheps ) ie0 {5 v
-1 = = T =0 —1 T n i
=TT T 7T ™
n+1 0 1 n Z ni-x 2 .ni-——l
i=0 i=0

or
n
e 7y i
= i‘{]O R

(4.7) CororrArY. Among n + 2 points taken in E" no n + 1 of which
lie on the same hyperplane, there is at least one point lying inside its
corresponding hypersphere (as defined in 4.6).

Proof. In the equality (4.6) the left side must contain at least one
term with negative sign.

(4.8) CorovrLARY. If P is the barycenter of S, , that is,if P=[1,1,...,1],
then

Ty =T = e00o =T =—T ,

Proof. It follows directly from (4.2).
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(4.9) Tueorem. If ~ and II are the powers of the point P=[v,, v, ... , v.]

with respect to the circumhypersphere (S,) and the hypersphere < II; >
respectively, then

p A4 PO | S n ok
1220

Proof. If the determinant f(P), P=(oy, oty -+ &), in (4.3) is

expanded in the first column, and if we set

.im=9m=ﬁ, >y =04} =p!, [0<i<n]
i

e ij i

e

where Q denotes the circumcenter taken at the center of coordinate axes,
we have

T v:pzv——-p: vo—p: G S X et
Subtracting from it the quantity
rrov—riyy—r2o,—... —rtv,
which is zero by (2.1), we have, in view of (1.17)

mo=(pP—rt) v— 3 (p}—1) v

i
=Mv—3 II; v, =— 3 (I, —TI) v,

or (4.8).

(4.10) CororrARy. If Pis on (Q), then ¥ II; v, = —m v.

(4.11) Cormorrary. If P is on (S,), then X (II; —II) v; =0 .

(4.12) Corovrrary. If (Q) is tangent to (S,) at P, then X Il;v;=0.

(

(

4.13) Turorem. The equation in volume coordinates of the hypersphere

Q)= <l ; is given by
f=0

?‘: (Hi““nj:-a?j) v; v;=0.

j==0

12

Proof. Setting in (4.9) the value of n given by (2.10) we obtain
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S (I, —1II) v;=v! 2 a‘?j v; vj .
1)

Taking then P on (Q) we have II =0, and
v LI v, — X a:t} v v;=0
i<j
2¥ v, X Il;v,—2 X af v,v,=0
0 0 fcii.
Z(III—}'H]) v]' vj_z aizj v,-‘vj=0.
0,0 0,0

5. Radical hyperplanes. We shall obtain the equation in volume
coordinates of the radical hyperplane of two given hyperspheres and
those of ones having certain relations to some given elements.

(5.1) TureoreM. In E the locus of points P having the same power relative

to two given hyperspheres (Q)) = < Il > , (@) = < lly; > is a hyper-
0 0
plane having the equation
5‘: (H,,-——Hg,:) ’Ui:O .
i=0
Proof. For the given hyperspheres the raletions (4.9) hold :
S(p—I)vy=—=nv, X (Ix—IL)v,=—xnv

where II, , II, are powers of P = [vy, vy, ..., vs] and 7 is the power
of P relative to the circumhypersphere (S,) of the simplex of reference
Since II; = I, we obtain the equation (5.1) of the locus, and since it is
linear in the n 4 1 coordinates v;, it represents a hyperplane in E» and
its equation is as given in (5.1).

(5.2) CoroLLARY. The equation of the hyperplane tangent to the hypersphere
Q=< Hi% at the point P=<py, p1» -+-» Pn> is given by
Z(0—p;) vi=0.
Proof. Thinking of P as the hypersphere (P, r =0), it defines the
sequence << p; % and by (5.1) we have (5.2).
(5.3) CoroLrARY. The equation of the hyperplane passing through a point

A and being perpendicular to the segment joining P = < p; > and
Q=< gq; >, with p=PA and q=0QA4, is given by
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2 [p—4—(P—¢)]u=0.
Proof. For suitable radii r; and r,, the point 4 will lie on the
radical hyperplane of (P, r,) and (Q, r,). So setting in (5.1)
M= g4 =1 2 S S
we have (5.3), since p‘l——r: —= qz—rz :
(5.4) CowroLrARrY. The perpendicular bisector hyperplane of the line
segment PQ, with P = < p; % 7= 1y :l>' is given by

E(P?—q‘f)vi:O-

i= 0

Using the last corollary (5.4) we can obtain the hypervolume coor-
dinates of the circumenter Q of the simplex of reference S, . This center
is the intersection of the perpendicular bisector hyperplanes m; of the

sides A; 4; (0 <i, j <n), in particular, of 7y , ®p, « 04 5 Tgn o

The equation of 7, , say, is obtained by (1.14) and (5.4) :
(5:5) gy : ("‘az,) vy + (“ﬁl) Vi (aiz——afa) 2
o+ (@ —al,) va=0

in which setting vy =v—v;—v, — ... — v, from (2.1), we get

(5.0) (20p) v+ (@] +a’ —al ) v+ ...

2 R 0 g
+ (a01+a0n aln) v"—am_ v

2

Now setting
(5.7) 0 =0; = angle (4, 4;, A, 4;)

and applying cosine laws to triangles 4, 4, 4;, the equation (5.6) reduces
to

1
(5.8)  (ag) vy (agg c0s O35) vo+ ... + (@os cos0y,) v, =5 ay v.
Doing the same for the hyperplanes my,, ... , 7, we have the

system
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cos O, cos 6, .

cos Oy cos@,, ...

cos 6n] cos 62,. e

H. DEMIR

. cos 0y,

cos 03,

cos 6rm

Qop Un

Qon

The non-singularity of the square matrix follows from

(5.10)

D=

T fox Ggp v

,l.
ao, | cos 0;; l 3

[2, p. 122]

[December

So multiplying (5.9) by the inverse of the square matrix, we have

the

(5.11) TureorRem. Let S,== A, A, ... A, be the simplex of references
and let O be as defined in (5.7). Then the hypervolume coordinates
<3 Vs, and vy =1v— (v, + ... + v,) of the circumphypersphere
(S.) are given by

vl’ ..

I

Mll——l

Qop Uy,

cos 0y, cos Oy, ..

cos Oy, cos 0,, .

cos 01, cos 0, ...

. cos 01,

. cos 0y,

¢0$ 0,

i ¥

Qon

6. Generalized Pythagorean theorem. The Pythagorean theortla)m
for right 2 -simplexes (triangles) has been generalized to EP byl
Gua [9]:

(6.1) TuEOREM. The sum of the squares of the lateral ar

eas of @ trirectan

gular tetrahedron AO Al A2 A3 is cqual to the Square of the area Of the base
A, A, Ay, that is,

The next generalization is obtained by Lepteva [6] for i

2 2 2 9
a == 0" .
1+w2+a:l a

ght 4 -

simplexes in E* proved also by Zirakadeh [7] who states that his pro°
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for E* can be extended to establish the general Pythagorean theorem
for right n - simplexes in the space En.

Here we give a complete proof of this general extension :
(6.2) Tueorem. Let Ay Ay ... A, be an n-simplex in E» such that
Ay Ay, AyA,, ..., Ay A, are mutually perpendicular. If a;= Vol
(T}) with a = a, , then

a'f+af+ vor Fal=d?.

Proof. Let A, be taken at the origin of cartesian coordinate system
and 4 A4,, Ay Ay, ..., Ay A, as axes with
A;=@©, ..., 0, b, 0, ..., 0), h; >0, so that the equation of the
hyperplane 4, 4, ... A, is
(6.3) % /by + % /By + ..o+ %afBy—1 =0, k>0,

Denoting the elementary symmetric functions of A%, b3, ..., h:
by s, 8, ..., 5., then (6.3) assumes its normal form

(64)  (xy/by + %y /gt + ook Bnfla—1) AL 8 [ A/ 801 =0

from which we obtain

(6.5) h=4/8[5n1

as the distance (altitude) of 4;=(0, ..., 0) from the hyperplane.
Applying the formula (5.10) where ay; =h; , 0,-,-:—;— 7w we have

(6.6) N N LY,

n.

and using the formula v = ah/n [2, p. 123] in (6.6) we get

nv nAs./n! —
— e e e TS Sp— n—1)!
Ek AL &y 8o Vo ths )

At the other hand for the (n— 1) —simplex T
a;=hy oo hiy. by b f(n—1)]=hhy... hafh;(n—1)!
:'\/—;/h, (n——-]) .’

and we have
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Z Ss 1 L 2 2l

P o\ i Sl g 7 2

2
Sn Sp—1 ____( '\/sn-—-l )

T (n—1)I12 s,

-t

]
=3

(6.7) ComroLrAry. 1/hj 4+ 1/ha+ ... + 1/ha=1/h?.

7. Extension of Erdos - Mordell and Oppenheim inequalities for
triangles to regular polygons. Here we state a conjecture as an extension
of Erdss-Mordell and Oppenheim inequalities (for triangles) to convex
polygons and a proof is provided in the special case where the polygon
is regular.

The Erdss - Mordell inequality for a triangle is given by the fol-
lowing theorem [11] :

(1.1) Tureorem. If P is an interior or a boundary point of a triangle
A, A, Ay and if p; and x; are the distances of P from the vertices A; and
the sides opposite A respectively, then

PrPetps =2 (5 + 2% + %)
where equality holds only if the triangle is equilateral and P is the center of it.
Several proofs of this theorem are known [8], [9].

Other inequalities between the same quantities are discovered by
A. Oppenheim [9], [11], four of which are taken into consideration here,
namely,

(1.2) psps+pspi+ pip: =4 (204 %5 + 25 2, — (%1 %))
(13) pipap; =38 (% %5 %),

(74) peps+ pspr+ PP = (25 4 21) (21 + %) + (%, + %3) (%5 + 25)
+ (% 4+ %x3) (%3 + %)

(7.5) pipaps = (% + %) (%5 + %) (% + xp).

Noticing that some symmetric functions enter, by introducing
(7.6) =%+ %, [1<i<3], =4
and the elementary symmetric functions

(7.7) Oys O34 O35 S15 Spy S35 b1y b3y B



1968] ON THE GEOMETRY OF n DIMENSIONS 193

of p;, x;, y; respectively, the inequalities (7.1), (7.2), (7.3) may be con-
densed into a single form, namely

(7.8) =28, [A<kxd],
and the inequalities (7.1), (7.4), (7.5) into
(1.9) e, [leh<al

where both forms contain the Erdés-Mordell inequality (7.1) for k = 1.
We can go still further into condensation by the following lemma :
(7.10) Lemma. (7.9) implies (1.8), that is, t, >2*s,, [l <k<3].

Proof. If k =1 the inequality is, in view of (7.6), an 1dent1ty
k=2,

2,=23y1%=Ey)—y =4 (£ 5)—I (x + x,)?
=2Fx+6Txx,=3(x 1— %) +8F %2, >8F «,4%,.
For k=3,
ty=y1Y2¥s = (%o + %5) (%34 21) (%) + )
=(s;— %) (51— 1) (s,—1x3) = s:—-—sf X x4+ 8 Xy xp—x, Xy Xy
=si—s=[(@m+ntan) (6 +a" +457)—1]
>s8; (9—1)=38s, by [8, p. 95]
Using this lemma, the Erdss-Mordell and the four Oppenheim
inequalities assume the final form
(7.11) ohzt, [Ixk<d].
We call (7.11) as the Erdos - Mordell - Oppenheim inequalities for

triangles.

These inequalities hold true for any triangle which is a convex
figure. So we expect that the same is true for any convex polyon and
we state this as a conjectiure :

(7.12) ConNJECTURE. Let P be an interior or a boundary point of a convex
polygon Ay 4, ... A, . Let p;, x; be the distances of P from the vertices A,
and the sides A A,_l (ind mod n) respectwely Consider

(7.13) yi=%a4+x%, [I<ig<n], x==z,

and the elementary symmetric functwns
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(A1) 6,=5p- P %=2f .5 W=% . %,
A<kn].
Then the inequalities

ke

(1.15) o > ( sec %) 5., [1<k<n]
k

(7.16) o) = (—;— sec %) t, , 1<k<n]

hold, and equalities occur only when the polygon is regular and P is the
center of the polygon.

Remark. If
(7.17) < 2F 8, [1=b<n]

can be proved, admitting (7.10) as a special case, then the conjecture
will consist of (7.16) alone. But the proof of (7.17) being not at hand,
the latter stays as an open problem. However its proofs for n =1, 2
and n — 1 offer no difficulty.

Now we write the conjecture for regular polygons as a theorem and
prove it.

(7.18) TaroreM. For a regular poygon A, A4, ... A,

1 k
ck>(7sec%) b [1<k<n]

is true, and equality holds only if P is at the center of the regular polygon.

Proof. We attempt to prove the conjecture (7.12), and at a stage we
obtain the proof of the theorem (7.18). We follow the method of proof
given by Mordell [9].

Let the vertical projection of P on the side 4; 4; 11 (4.41= 4,)
be H; and set

(7.19) byl Bl R G R

Since PH; ; A; H; is an inscribable quadrilateral admitting PA;
as diameteter, we have

(7.20) pi=bfsin 4;, [1<i<n]

and from cosine law we get
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b: =x?__1 + P +2x,_5 x; cos A;.
Introducing the angles o«;, B; such that
(7.21) o+ pPi=r—A4;, Oi<o s Br<timml,
the last relation reduces to
bi = (%, sino; + x; sin Bi)? + (x:i—1 cosa;—x; cos B;)2
+ 2 % x; [cos A;+ cos (x; 4+ B;)]

where the expression in the square bracket vanishes by (7.21). Then
setting

(7.22) U; =21 cos ¢;—x; cos B;
we have
(7.28) b = (x;—1 sina; + x; sin B)2 + Ui > (%1 sin oy + x; sin ;)2

where the expression in the last bracket is positive by (7.21). Hence
taking square root we obtain

b, > % sina; + x; sinB;
or, using (7.20)
Pi = (%1 sine; + x; sinf;) [ sin A4; .
The equality occurs only if U; = 0 in (7.23), or by (7.22), only if
(7.24) %t X1 =cosa;: cosp;, [1Li<n].
Now taking o; =; , or by (7.21)

1 1
(7.25) d—“;=B,-=77t——~-2— A;

again for convex polygons we have

pi = (%1 + ) sina/sin A; =y, cos —; A; /2 sin —;— A; . cos % A;

or

1
120 p>(gepa)n D<i<al.
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Now at this stage we leave the general case of convex polygons, and
consider the special case of regular polygons, and set A; = (1 ——%—) .
Then

il T :
(7.27) Pz |5 sec—| % l<ign].
Forming the product from 1 to k followed by summation we have

our required result, namely

1 T k
Zpips-- Pe = <§"Sed7> ¥ Yy s 0%

The equality sign holds, by (7.24) and (7.25), only if
Xt X1 =cosa: cosu=1,

or only if P is equidistant from all the vertices of the regular polygon,
that is, only if P is the center of the regular polygon, and the proof of
(7.18) is complete.
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OZET

n BOYUTLU GEOMETRIYE VE ERDOS - MORDELL - OPPENHEIM
ESITSIZLIKLERININ DUZLEMDE TESMILINE DAIR

Bu makalede karteziyen, hiperhacim ve (n + 1) - kutupsal koordinatlarmm kul-
lamlmasiyle n boyutlu E» Euclid uzayma ait baz 6zellikler ile ticgenlere dair olan
Erdés-Mordell-Oppenheim egitsizliklerinin ¢okgenlere olan baz tesmilleri elde edil-
migtir.

Makale gu neticeleri i¢ine almaktadir : Bir esas simpleksin gevrel hiperkiiresinin
hiperhacim koordinatlar: tiiriinden denklemi (2.5), noktanin cevrel hiperkiireye gore
kuvvetinin ifadesi (2.10) ile gevrel yarigapin ifadesi (2.15); genel Euler hiperkiiresinin
denklemi (3.4), genel hiperkiirelere dair gesitli bagmtilar (4) ile bir hiperkiirenin sonlu
bir kuvvet dizisi ile temsili (4.1); baz1 kuvvet hiperdiizlemlerinin denklemleri (5) ve
bunlarin bir uygulamas: olarak gevrel hiperkiirenin merkezinin hiperhacim koordinat-
larinin elde edilmesi (5.12); genel Pythagoras teoreminin bir ispata (6.2). Makale, Madde
7 ile son bulmakta olup burada Erdés-Mordell-Oppenheim egitsizliklerinin konveks
cokgenlere tegmiline dair bir Tahmin (7.12) ve bunun diizgiin gokgenler i¢in bir ispat1
(7.18) yer almaktadar.

Middle East Technical University, Ankara, Turkey.
Received November 5, 1968.

PR TS e e SR RS RS

Pt



